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@ Algorithm + Numerical experiments



Framework and models: counting process

For individual i,i=1,...,n:

e N;(t) is a marked counting process over a fixed time interval
[0, 7], with marker Y;(t).

@ N; has intensity, namely
P[N; has a jump in [t, t + dt)|F:] = Yi(t)A\(t, Xi(t))dt,

where F; is some filtration.
o Xi(t) = (X}(t),...,XP(t)) is a process of covariables.

@ High-dimensional setting: p is large.



Framework and models: example of right censoring

@ T; survival time, C; censoring time, and 6; = 1(T; < ()
censoring indicator.
o Observed data : Z; = T; A G, 6;, Xi = (X2(¢),..., XP(¢)).
e Counting process:
e Yi(t) =1(Z > t) the at-risk process,
o Ni(t) =1({Z < t,8; = 1}) counting process.

Conditional hazard rate function of the survival time T;

t

which characterizes the conditional distribution of T;.



Framework and models: dynamic Aalen and Cox models

@ We consider two dynamic models for the function A,:
e a time-varying Aalen model

N8 X(1) = X(£)57 (1),
e a time-varying Cox model
Nt X (1)) = exp (X(£)57(1)),

@ (3% is an unknown p-dimensional function from [0, 7] to RP.

@ Estimating the parameter 5* on the basis of data from n
independent individuals:

Dn = {(Xi(t), Yi(t), Ni(t)) : t € [0,7],i = 1,...,n}.



Learning dictionary: piecewise constant functions

@ We consider sieves (or histogram) based estimators of the
p-dimensional unknown function 5* ( ).

@ We hence consider a L-partition of the time interval [0, 7],
where L € N*

L /-1
0= \/:]l(l/) and I, = ( 1 T, ZT}

@ Let the set of univariate piecewise constant functions

Hi = { ZOMP/ (a)1<i<L € RE }



Learning dictionary: piecewise constant functions

@ We define the sets of candidates for estimation as
N = {x,t € [0,7] = X3(t, x(t)) = x(£)B(t) | ¥j B; € Hy}-
for the Aalen model and
A = {x,t € [0,7] = AY (£, x(t)) = exp (x(£)B(t)) | Vj B; € Hy}.

for the Cox model.

@ We consider

B = (Bil:a cee 761—3|—,~)T = (51,17 cee 761,L7 cee 7ﬁp,17 cee >Bp,L)Ta

L
Vi=1...,p,VI=1,...,L anthE//,ﬁj(t):\/:ﬂJ"/.



Estimation procedure: goodness-of-fit

@ Least squares functional: time-varying Aalen model

n

> /0 (At X:(6)))Vi(e)dt — 2/07 (e X (6)di(1) .

i=1

1
A —_—
Zn(ﬁ) _n

@ Full likelihood functional: time-varying Cox model

ME ==y { /0 log (A (¢, Xi(£))) dNi(t) - /0 V() (£, Xi(1))de .

n -
i=1



Estimation procedure: weighted (¢; + ¢1)-total-variation penalization

@ We introduce a well-chosen vector of data-driven weights
2 — (Q/ T 2 T)T
= \UJL, 55" p,-

where

Go=o> [ o)

n-=Ju-1r/L
@ Our specific covariate weighted (¢1 + ¢1)-total-variation penalty
is given by
P L
1Bllgrvs = Y- (SalBial + > 51850 = Bia-1)
j=1 =2

for B € RPXL,



Estimation procedure: definition of estimators

@ Our estimators are then respectively defined as

M = AgA, and \M = )\%"M.

A = argmin {Eﬁ(ﬁ) + 1BllgTv,5 }7

BeERPXL

in the Aalen model.

N

AM = argmin {an(ﬁ) + HﬁHgTVﬁ?}

BeRPXL

in the Cox model.



Theoretical guaranties: oracles inqualities

@ Theoretical properties: proving classical non-asymptotic oracle
approaches.

o Weighted empirical quadratic norm [[A§ ||, defined for any
A5 € M by

ANl = [ 32 [ O8X(0) = (e X(0) Yoo,
i=1

e Empirical Kullback divergence K,(\M, )\g/') defined for )\g/' e A\M
by

Z/ log (AM g;))\M(t Xi(£)) Yi(t)dt

- ;Z/O (A8, Xi(1)) = AJ (8, Xi(1))) Yi(t)dt



Slow oracles inqualities in prediction

Time-varying Aalen model

Theorem 1

For x > 0 fixed, the estimator \* verifies with a probability larger
than 1 — 29e™%,

X2 = SR < inf (I8 = XI5+ 208l )

Time-varying Cox model

Theorem 2

For x > 0 fixed, the estimator AM verifies with a probability larger
than 1 — 29e™%,

KoM M) < inf (a1 M)+ 211Bllgrv.s ).



Slow oracles inqualities in prediction: remarks

@ Two terms are involved on the right hand side of above
inequalities.

@ The first one measures how far are the true functions of interest
M and AM from their approximations on A? and AM.
@ The second one can be viewed as a variance term that satisfies

Llog pL v.

1Bllgrvs = [IBllgrv max - max /= "==Vj.

@ To obtain fast oracle inequalities: we suppose that Restricted
eigenvalues (RE) conditions are fulfilled ( ).



Proximal operator + algorithm

@ We are interested in computing a solution

x* = argmin{g(x) + h(x)},
x€eRP

where g is smooth and h is simple (prox-calculable).

@ prox is the proximal operator defined by,

1
prox,,(x) = argmin =||x — v||3 + h(v).
veRP 2

@ Proximal gradient descent (PGD) algorithm is based on

x(k+1) — Prox., p (X(k) - sng(x(k))).



Stochastic proximal gradient descent (SPGD) algorithm

@ PGD uses all of the training instances, by evaluation n
gradients, to update the model parameters in each iteration.
— too long for n and p really large.

@ Go back to “old" algorithms (when computers were really slow),
— Stochastic gradient Descent (SGD)

At each iteration k = 1,2,..., we pick ik randomly (uniformly)
from {1,2,...,n}, and take the following update:
k+1) _

x! ProX., p (x(k) — sng,'k(X(k)))

The computational cost of SPGD per iteration is 1/n.

Learning rate ey:



Proximal operator of the weighted (¢; + ¢1)-total-variation penalization

w N =

0 = prox|. |y . (8)

P L
H—argm|n{|5—X||2+Z (U 1XJ1+Z Ajalxig — xj - 1)}

xeRpPxL j=1 /=2

Algorithm 1:

for j=1,...,pdo
set (1« B w5 \{Y1}
0 PrOX iy, (1)
0.« n— (771 — sgn (n1) max (0, || — *))IL,
return 0; .

PrOX| 7y, ( )



Proximal operator of the weighted (¢; + ¢1)-total-variation penalization

Proximal operator of the weighted (¢1 + ¢1)-total-variation
penalization



SPGD for time-varying Cox model = CoxSGD

Algorithm 2: CoxSGD

1. Parameters: Integer K > 0;
2 Initialization: (M) =0 € RPXL, and r) € [0, 1];

3. fork=1,...,K do
Choose randomly i € {1,...,n} and compute V% = VZE\:((BM)(“));
Update moving averages
R e G I N G R
bt e (1 — () =1 1 ()1 12
a2 (M (8™
) (1= ()71l 4 ()= diag(H;, ) where H;, = (% ;
Estimate learning rate
L (k)y2
k POy (3:/)
EJ(. ) — cj%b(ik; where cj?*' = 1g/a§LCj'/
J
k
SPNC)
k) (E(Ik)lb c A,EE,k)lL)T;
Update memory size
Z’; a(.k) 2
M- %) oMb 41,
J
oM (k) My (k) _ (k) M.
(B (BM)) — 0 & M, )
5M\(k oM (k) oMy (k) .
| (B (prOXTIIH'HgTV,ﬁ' (@1 Pr%np - llgTv, 5 ( )Pw)) ;

4. return (ﬁM)(K)




Simulated data in the time-varying Cox model

@ Right censoring: n = 1000, and T has hazard rate
Ae(t, X) = B5(t) exp(X(t)57(1)).

@ p = 10 covariates processes X;(t)j=1,.., which are N'(0,0.5)
i.i.d piecewise constant over a 50-partition of the time interval
[0, 3].

@ The baseline f3; is defined through a Weibull W(1.2,0.15).

@ We draw the true regression functions 37, 35, and [33. We set
‘81.*50, forj=4,...,10.
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Simulated data in the time-varying Cox model

@ We run 100 Monte-Carlo experiments of training data as
described above.

@ The estimation accuracy is investigated via a mean squared
error defined as

100
1

MSE; = 702 3 1(8)m - 5715,
m=1

N

where (6}\"),,, is the estimation of 37 in the sample m, for all
j=1...,p.



Simulated data in the time-varying Cox model

L_partition
L=10
L=30
L=s0

value

10- =70

factor(group)
E5 cosen

Baseline Coeft Coef2 Coef3 Coefd Coefs Coefs Coef? Coefd Coefo Coefto
factor(variable)

A boxplots of the MSE; of estimated regression coefficients over
L-partition (L € {10,30,50,70}) with CoxSGD and timereg
R-package ( ).



PBC data: time-varying Cox model

@ Primary Biliary Cirrhosis (PBC) of the liver and was conducted
between 1974 and 1984 ( ).

@ A total of 418 patients are included in the dataset and were
followed until death or censoring.

@ We restrict attention to the first 8 years days of the study.

@ We consider the covariates: age, edema, log(bilirubin),
log(albumin) and log(protime).



PBC data: time-varying Cox model
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on PBC data with: CoxSGD (blue) and tlmereg R—package
(oreen)



Take-home message

e Introducing the weighted ({1 + ¢1)-total-variation penalization
procedure for high-dimensional time-varying Aalen and Cox
models.

@ Theoretical and algorithmic guaranties for this approach.
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