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Optimal Transport (OT)
What is it ?
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OT is …
A method for comparing probability distributions with the ability to  
incorporate spatial information.

Source image: M. Cuturi (NIPS’17), Tutorial on OT



µ =
nX

i=1

µi�xi

<latexit sha1_base64="C9OmL7l0yrmv5VOiQEZpSmuOcbA="></latexit>

CC
<latexit sha1_base64="oJtByW5E7Mlbb8G9LfcIly1ZLww="></latexit>
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Cost Matrix

Distance 
(e.g. Euclidean distance)n

<latexit sha1_base64="lZahwA36dV/IzvMMPU0K97zu8SU="></latexit>

m
<latexit sha1_base64="gnIB3NTvXs+mdE5276WQ4Q/KZ+4="></latexit>

⌫ =
mX

j=1

⌫j�yj

<latexit sha1_base64="NV10eSzLJMajimTu8KuP5ITE32w="></latexit>

yj
<latexit sha1_base64="j9y4JbA68Uv7U9LAGEwCDM47Urk="></latexit>

CCij = (Dp(xi,yj))
<latexit sha1_base64="KhBzyV8btrfEZgpZU4DizXR6OVs="></latexit>

Dp(xi,yj )
<latexit sha1_base64="xcKrYGxB+itY3iFQ8PUqUsTQKzE="></latexit>

xi
<latexit sha1_base64="dkp7BAufSGSmoWYzeW5CdSc6iHI="></latexit>

Discrete OT Framework 
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Discrete OT Framework: 
Monge’s Formula

Gaspard Monge 
(1746 - 1818)

combinatorial

non-existant
min
�2Sn

nX

i=1

Dp(xi, y�(i)))
<latexit sha1_base64="IHQcgADv6NWbs0PlzQXKm2lchyw="></latexit>

T
<latexit sha1_base64="q+rOyVIvCnEkJijSOac+g4yMYfE="></latexit>

min
T#µ=⌫

X

i

Dp(xi,T (xi))µi

<latexit sha1_base64="BXr37fmWOwApnXr6IiKQat3Mazw="></latexit>

8j 2 {1, . . . ,m}, ⌫j =
X

i:T (xi)=yj

µi

<latexit sha1_base64="auO2IHuZw04TigepxuqlA1RsaTw="></latexit>

Uniform weights

Strict: Deterministic Assignments

non-convex
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Regularized Discrete OT Framework: 
Kantorovich’s Formula

Leonid Kantorovich 
(1912-1986) Computing OT between    and     amounts to 

solving a linear problem:
µ

<latexit sha1_base64="Gb+raxrw6H1KdgzSUjIp+0XTF+8="></latexit>

⌫
<latexit sha1_base64="jFO7fXuS0UoRbPtjTEaxbmnmSKM="></latexit>

S(µ,⌫) = min
P2⇧(µ,⌫)

�
h CC,P i =

nX

i=1

mX

j=1

CCijP ij
 

<latexit sha1_base64="Q1V/s5qdIpwryfIwNxoooKk1H6c="></latexit>

⇧(µ,⌫) = {P 2 Rn⇥m
+ ,P1m = µ,P>1n = ⌫}

<latexit sha1_base64="8e+zfpIkB9PWmM9hxYijfQow8dI="></latexit>

Mass conservation constraints

Kantorovich 1942

Probabilistic couplings set (Transport Polytope)

Monge-Kantorovich / Wasserstein Distance

xi
<latexit sha1_base64="dkp7BAufSGSmoWYzeW5CdSc6iHI="></latexit>

µi
<latexit sha1_base64="hSTLcm8UdThus4kvsDKRC96h4sA="></latexit>

P ij
<latexit sha1_base64="ofdNRXsa73siM21Td+clTFqN/58="></latexit>

µi =
mX

i=1

P ij

<latexit sha1_base64="TeMbRCaXXGGIO/hRzwUQKe14sRM="></latexit>

Distance

Relaxed: Fractional Assignments
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Regularized Discrete OT Framework: 
Sinkhorn Divergence

Linear programming problem that requires generally          
arithmetic operations.

Entropic regularization of OT distances relies on the addition of a penalty term 
as follows:

Sinkhorn divergence 

S⌘(µ,⌫) = min
P2⇧(µ,⌫)

{h CC,P i � ⌘H(P )}
<latexit sha1_base64="9hKeZUkth1HpIiCYBduEcwzGBeA="></latexit>

Negative entropy

H(P ) = �
X

i,j

P ij log(P ij)

<latexit sha1_base64="qHk4iwYGXf0irSPNcxuz3A0PCNI="></latexit>

Regularisation parameter 

O(n3 log(n)2)
<latexit sha1_base64="mnGJsMIEvMltp6hE1l68Dkeheyk="></latexit>

(Cuturi, 2013)
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Regularized Discrete OT Framework: 
Dual of S⌘(µ,⌫)

<latexit sha1_base64="AY9cWGr5jcSDcaWtr4s2yEaIyns="></latexit>

Dual of Sinkhorn divergence
Sd
⌘ (µ,⌫) = min

u2Rn,v2Rm

�
 (u,v) := 1>nB(u,v)1m � hu,µi � hv,⌫i

 
<latexit sha1_base64="CpZRbf+jKHlH+uu1zlK7RLhlP8A="></latexit>

where
B(u,v) := diag(eu) KKdiag(ev)

<latexit sha1_base64="C9actxupqXYhLE+G3Qmozvcb1MU="></latexit>

KK = e� CC/⌘
<latexit sha1_base64="L66lO0vNTPLJn0lnFin2uJ6U7nw="></latexit>

Gibbs Kernel
The primal optimal solution       takes the form:P ?

<latexit sha1_base64="KoU21nveNq35PxdOegzZaueaTs0="></latexit>

P ? = diag(eu
?
) KKdiag(ev

?
)

<latexit sha1_base64="f14Y/lxLAwI0QhddcKG0cJjbFV0="></latexit>

(u?,v?) = argmin
u2Rn,v2Rm

{ (u,v)}
<latexit sha1_base64="q+/NXwSG2l/3gk+vj3jw6Df5bbI="></latexit>

with

Optimal Transportation Plan

Dual Optimal Variables
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Regularized Discrete OT Framework: 
Sinkhorn Algorithm 

P ?
<latexit sha1_base64="KoU21nveNq35PxdOegzZaueaTs0="></latexit> O(n2)

<latexit sha1_base64="uw0VBooKbYjC6JX/8YgBW+kWw74="></latexit>

    can be solved efficiently by Sinkhorn iterations (near-          complexity 
(Altschuler et al., 2017))

POT

Sinkhorn( CC,µ,⌫)
<latexit sha1_base64="4y2cSNClXfsjEJDDkFiN9KUJYs8="></latexit>

a(0)  1n/n, b
(0)  1m/m;

<latexit sha1_base64="AbEZX/heQw4dcunLsUGaiwkn9pY="></latexit>

KK  e� CC/⌘;
<latexit sha1_base64="mqo9cYb74GTAhWZp8qvW1BMsiwU="></latexit>

a(k)  µ↵ KKb(k�1);
<latexit sha1_base64="sqqE32CwzsPl4UhIWAQ0pEMEjI0="></latexit>

b(k)  ⌫ ↵ KK>a(k�1);
<latexit sha1_base64="+nynC/FealoakQM7EJDOIQGzODE="></latexit>

1. 

2. 

3. For  k = 1, 2, 3, . . .
<latexit sha1_base64="p4BTZNzoTYHmO2ekFyFbx+Y9490="></latexit>

4. Return  diag(a(k)) KKdiag(b(k))
<latexit sha1_base64="AYwFbHcELZHfE7A2xBx68AUG0TU="></latexit>

(Flamary et al. 2017)
from ot import sinkhorn 
P_star = sinkhorn(mu, nu, C, eta)

Matrix-Scaling Problem 



Screened Dual of 
Sinkhorn Divergence

11
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Screened Dual of Sinkhorn Divergence:
Motivations

OT plan presents a large number of neglectable values (Blondel et al., 2018)
Static screening test in Lasso (Ghaoui et al., 2010)

We define the convex set Cr
↵ = {w 2 Rr : ewi � ↵}, for ↵ > 0

<latexit sha1_base64="LV1u+YTFekWv27alGy50t5v+c0M="></latexit>

Identify these indices and fixed at the thresholds before solving the problem.
Reduce the scale of the optimization procedure.
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P ?
<latexit sha1_base64="KoU21nveNq35PxdOegzZaueaTs0="></latexit>

P sc
<latexit sha1_base64="m3lgrP4+LPuJqCsAYsJvUpdwtMc="></latexit>
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Static Screening Test
  Approximate Dual of S⌘(µ,⌫)

<latexit sha1_base64="AY9cWGr5jcSDcaWtr4s2yEaIyns="></latexit>

Based on this idea, we define a so-called approximate dual of Sinkhorn 
divergence.

Approximate dual of Sinkhorn divergence

Sad
⌘ (µ,⌫) = min

u2Cn
"

,v2Cm

"

�
 (u,v) := 1>nB(u,v)1m � hu,µi � hv


,⌫i

 

<latexit sha1_base64="7XIn0sfKUVn9s0B5dkHR675kwgw="> </latexit>

This is a simply dual Sinkhorn with lower-bounded variables,  where  the 
bounds are 

↵u =
"


<latexit sha1_base64="GszQZsl+ekK7WxQ0cG/csUSZffE="></latexit>

↵v = "
<latexit sha1_base64="A+a7kg3Sj/21xrbh7njmNKeWKio="></latexit>

and

" > 0
<latexit sha1_base64="8aNcke5bv2UqZGA2ZK3p4r/DOPI="></latexit>

 > 0
<latexit sha1_base64="AXuv3+xAJdWKX5RzTq1Mi9w/aZc="></latexit>

where and being fixed numeric constants
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Static Screening Test: Definition

closed order of the potential components eu
<latexit sha1_base64="GzS+HwCFvph2nsBPxnuLQDtK2Sg="></latexit>

ev
<latexit sha1_base64="HaEz0YeYcijdHPxbhbCyIio2CEc="></latexit>

and

Without <latexit sha1_base64="hNVJYK1PTaP8wHaw0lN1f9VvyL0="></latexit> the components eu
<latexit sha1_base64="GzS+HwCFvph2nsBPxnuLQDtK2Sg="></latexit>

and ev
<latexit sha1_base64="HaEz0YeYcijdHPxbhbCyIio2CEc="></latexit>

can have inversely related scale:
eu

<latexit sha1_base64="GzS+HwCFvph2nsBPxnuLQDtK2Sg="></latexit>

being too large and ev
<latexit sha1_base64="HaEz0YeYcijdHPxbhbCyIio2CEc="></latexit> being too small

-parameter plays a role of scaling factor
<latexit sha1_base64="hNVJYK1PTaP8wHaw0lN1f9VvyL0="></latexit>

The static screening test aims at locating two subsets of indices

(I, J) 2 {1, . . . , n}⇥ {1, . . . ,m}
<latexit sha1_base64="ij1oac2AykoN3nJddzznbpDMZJM="></latexit>

Static screening test T (I, J)
<latexit sha1_base64="RZw5T7k4ceKLIsrRWBSDPYdxoK8="></latexit>

(u,v) 2 Cn
↵u

⇥ Cm
↵v

⌘
(
eui > ↵u and evj > ↵v, 8(i, j) 2 I ⇥ J,

eui0 = ↵u and evj0 = ↵v, 8(i0, j0) 2 I{ ⇥ J{.
<latexit sha1_base64="S61f/ICV4CI/qduKrHV+pL/KSlo="></latexit>
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Static Screening Test T (I",, J",)
<latexit sha1_base64="DWjrr/P4gPamJHr56BtnMTxMw9U="></latexit>

Proposition
 Let              be optimal solution of                   Define  (u⇤,v⇤)

<latexit sha1_base64="p9bYhE4U9XG34t/9Odw/GZ0yckg="></latexit>

Sad
⌘ (µ,⌫).

<latexit sha1_base64="Usu3BoyZknAzMCAyXqbHGIgdbac="></latexit>

I", =
�
i = 1, . . . , n : µi �

"2


ri( KK)

 
<latexit sha1_base64="6jfZfqj8BiIoDcF4XSG8dau6TQk="></latexit>

J", =
�
j = 1, . . . ,m : ⌫j � "2cj( KK)

 
.

<latexit sha1_base64="YoEt4qsNiDUg53KmHktcwpjECtQ="></latexit>

Then,
and

eu
⇤
i =

"


and ev

⇤
j = " for all i 2 I{", and j 2 J{

",
<latexit sha1_base64="wASr9zRZmHnTBc/92ik4fQZ/iHE="></latexit>

The parameters    and    are difficult to interpret, we exhibit their relations  
with  a fixed number budget of points from the supports of     and    .

"
<latexit sha1_base64="j3U05pQocLf4g0aY9wSm20uh1D8="></latexit> 

<latexit sha1_base64="hNVJYK1PTaP8wHaw0lN1f9VvyL0="></latexit>

µ
<latexit sha1_base64="L7rAMlCNyyVpKylcnr7mFALoEQ8="></latexit>

⌫
<latexit sha1_base64="+IZ62oLdEK1m97y5PLkh+OIisLc="></latexit>

ri( KK) =
mX

j=1

KKij

<latexit sha1_base64="bwFuPAj/2hoUc5NGDLlHiTLGsF4="></latexit>

and cj( KK) =
nX

i=1

KKij

<latexit sha1_base64="sj75PF6E4Fd8JTkyG7p1gsCdPCA="></latexit>

i-th row sum of KK
<latexit sha1_base64="NpfOBaiUSzSmOAJJYYs7215+Gto="></latexit>

j-th row sum of KK
<latexit sha1_base64="NpfOBaiUSzSmOAJJYYs7215+Gto="></latexit>
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Screening with a Fixed Number 
Budget of Points
nb 2 {1, . . . , n}

<latexit sha1_base64="TOW506VFc1mi/Hp6v5EkFvyBmIA="></latexit>

mb 2 {1, . . . ,m}
<latexit sha1_base64="SBdKxdTTs3bedPM2ZmN80onQl3w="></latexit>

We denote by                              and                        
the number of points that are going to be optimized in Sad

⌘ (µ,⌫).
<latexit sha1_base64="Zuc968L7oZFF9x44fEKz3QDLJzY="></latexit>

Let                and                 to be the ordered decreasing 
vectors of 

⇠ 2 Rn
<latexit sha1_base64="g/9iemNFHLAJFAGed6X1DFBgbBs="></latexit>

⇣ 2 Rm
<latexit sha1_base64="0/ii+mWTwq2D706zMFw07QAUqXk="></latexit>

µ↵ r( KK)
<latexit sha1_base64="dnNS0T8WYCp47dl8wJWzCVtNkIg="></latexit>

⌫ ↵ c( KK)
<latexit sha1_base64="aMqhB2Bt9Xn3+eA8I78hlxAZF/k="></latexit>

To keep only     -budget and       -budget of points, the parameters nb
<latexit sha1_base64="b0Naeamh6ZXIyEq1rQG7mOzOqh4="></latexit>

mb
<latexit sha1_base64="q9XSW/nYYpVzPPSbZgFne0xEIdQ="></latexit>

"2


= ⇠nb

<latexit sha1_base64="oxyZUBsbq4nQ8kGBOdAwuqxDJIQ="></latexit>

"2 = ⇣mb
<latexit sha1_base64="1MEGiWrn4eVV9BH4BnMvmfYfjTA="></latexit>

and

and

This guarantees

" = (⇠nb⇣mb)
1/4

<latexit sha1_base64="g61DPNzjzwCjfZIoitmL6I57Fng="></latexit>

and  =

s
⇣mb

⇠nb
<latexit sha1_base64="oZUd8IzRb14MqQtQ8ivPFU3dV98="></latexit>

Then

|I",| = nb
<latexit sha1_base64="opoGfIjmXdiu1MBkB6KTYoOT9BQ="></latexit>

and |J",| = mb
<latexit sha1_base64="aDvrwI6hdFfuMu2YVXI5ODVpuqo="></latexit>
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Screening with a Fixed Number 
Budget of Points

If                solution of                   satisfies                          with  (u⇤,v⇤)
<latexit sha1_base64="p9bYhE4U9XG34t/9Odw/GZ0yckg="></latexit>

Sad
⌘ (µ,⌫)

<latexit sha1_base64="OWrIB4cAhNu7p/i81hx15nm5sFI="></latexit>

T (I",, J",)
<latexit sha1_base64="dZIFq5NRvCEMQKRzaQlz9HRD980="></latexit>

↵u⇤ =
"


<latexit sha1_base64="gs3FJRvTFEznBqpjf2fM/insSes="></latexit>

and ↵v⇤ = "
<latexit sha1_base64="eJEckILBMNxxYWoawVsNV2jk8z8="></latexit>

We can restrict the variables in                   to variables in          and Sad
⌘ (µ,⌫)

<latexit sha1_base64="OWrIB4cAhNu7p/i81hx15nm5sFI="></latexit>

I",
<latexit sha1_base64="eh1ZPSWys5acZH/LK4hICI7rer4="></latexit>

J",
<latexit sha1_base64="Y2zP6iKEPjXcWNmgG6nrRJSI2sI="></latexit>

This boils down to restricting the constraints feasibility                    to  
to the  screened domain defined by

Cn
"

\ Cm

"
<latexit sha1_base64="2qqXXBEpMMiP7uwJaUAbxs3SCOw="></latexit>U sc \ Vsc

<latexit sha1_base64="yIVHgwD0B9Wr2tbLpG6uHNZIpRE="></latexit>

Screened Feasibility Domain

U sc = {u 2 Rnb : eui � "


} and Vsc = {v 2 Rmb : evj � "}

<latexit sha1_base64="XDQC9iXF9csCOYXLnUG8Eorov48="></latexit>
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Screening with a Fixed Number 
Budget of Points

By replacing in                  , the variables belonging to Sad
⌘ (µ,⌫)

<latexit sha1_base64="OWrIB4cAhNu7p/i81hx15nm5sFI="></latexit>

(I{", ⇥ J{
",)

<latexit sha1_base64="YD8W7Xe8rQDWr+O+eqFCdnTsCIA="></latexit>"


<latexit sha1_base64="OYGP+gpj8EEL/Vnr6V4A4QT6844="></latexit>

"
<latexit sha1_base64="Z+VXT/9lEQKHFnL0t/5i5+HTeHk="></latexit>by and , we derive the screened dual of Sinkhorn divergence as

Screened Dual of Sinkhorn Divergence

Sscd
⌘ (µ,⌫) = min

u2Usc,v2Vsc
{ ",(u,v)}

<latexit sha1_base64="BCrU+72AYjgLDLfo8jyIKEOMknA="></latexit>

where

with

 ",(u,v) := (euI", )> KK(I",,J",)
evJ", + "(euI", )> KK(I",,J{

",)
1mb +

"


1>nb

KK(I{",,J",)
evJ",

<latexit sha1_base64="4Kmr4WikEwuKyBt+6/uJaLqsYjM="> </latexit>

�µ>
I",uI", � �1⌫>

J",
vJ", + ⌅

<latexit sha1_base64="vgwYH+Nsq/RwuQiHgrzUpSsr8bk="></latexit>

⌅ = "2
X

i2I{",,j2J{
",

KKij �  log("�1)
X

i2I{",

µi � �1 log(")
X

j2J{
",

⌫j

<latexit sha1_base64="1VnqbT0xQefIG5lhYTR93SDA6Yo="></latexit>
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L-BFGS-B: Box Constraints on (usc,vsc)
<latexit sha1_base64="CxrVibK8qKOcA5tigxuzCBKNO5A="></latexit>

Sscd
⌘ (µ,⌫)

<latexit sha1_base64="k0VKZlhr1GzZRscjfIq1mBeHskw="></latexit>

uses only the restricted parts

KK(I",,J",)
<latexit sha1_base64="+3nmHk87mMIZ0FzcKTeAW0Bk/i8="></latexit>

KK(I{",,J",)
<latexit sha1_base64="AeXKXmOGRFP6a1GLUzybzyWiKtU="></latexit>

KK
<latexit sha1_base64="V4/gFE/GL4NNUENOq2wZzWxgxZ8="></latexit>

For calculating objective function of 

Proposition

KK(I",,J{
",)

<latexit sha1_base64="q07N9gmWse/sByoEpYs7V3MxMwo="></latexit>

(usc,vsc)
<latexit sha1_base64="k0Wr3CXgaDyYS+aOhHVADb+aVU8="></latexit>

Sscd
⌘ (µ,⌫)

<latexit sha1_base64="k0VKZlhr1GzZRscjfIq1mBeHskw="></latexit>

KKmin = min
i2I",,j2J",

KKij
<latexit sha1_base64="7n0V6O2j3mRPnpD7C51ccL7iiCc="></latexit>

Let                   be an optimal pair solution of the screened dual 
Define Then,

"


_

mini2I", µi

"(m�mb) + " _ maxj2J", ⌫j

n" KKmin
mb

 eu
sc
i  "


_
maxi2I", µi

m" KKmin
<latexit sha1_base64="qdziJ96E2WrkFn4xWgeDZ0+MpSU="></latexit>

and
" _

minj2J", ⌫j

"(n� nb) + " _ maxi2I", µi

m" KKmin
nb

 ev
sc
j  " _

maxj2J", ⌫j

n" KKmin
<latexit sha1_base64="FXokZLZViIf1axrpQTl8gQNT6sQ="></latexit>
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Screenkhorn
Screenkhorn( CC, ⌘,µ,⌫, nb,mb)

<latexit sha1_base64="ogcRMTqP05rTeryifRlk4I7cdjE="></latexit>

KK  e� CC/⌘;
<latexit sha1_base64="Z6Lsrx0Uv480YyaMEZFJnUXBFOA="></latexit>

⇠  sort(µ↵ r( KK)), ⇣  sort(⌫ ↵ c( KK));
<latexit sha1_base64="nIhKvpPJwQ5u1jug0KCB8ki0J0g="></latexit>

1. 
2. 
3. 

(decreasing order)
" (⇠nb⇣mb)

1/4, 
q

⇣mb/⇠nb
<latexit sha1_base64="gxwfn3FON4lq2abnM1nDE7/qVwM="></latexit>

I",  {i = 1, . . . , n : µi � "2�1ri( KK)};
<latexit sha1_base64="kpkioLB4PqlqsIpp4jrhkPKcn6c="></latexit>

4. 
5. 
6. 

7. 

J",  {j = 1, . . . ,m : ⌫j � "2cj( KK)};
<latexit sha1_base64="BoDpp8zkpq3aCg8daLaAI4/yyoU="></latexit>

KKmin = min
I",,J",

KKij
<latexit sha1_base64="Y3v5IJoQ2ZYM4TSASbkXHQ94ArQ="></latexit>

8. 
9. 

10. 
11. 
12. 
13. 
14. 

15. 
16. 
17. 

18. 

⌫  min
j2J",

µi, ⌫̄  max
j2J",

µi;
<latexit sha1_base64="/zh/Mv8yI2IHDfp1fkrlUXmwgrc="></latexit>

µ min
i2I",

µi, µ̄ max
i2I",

µi;
<latexit sha1_base64="nj8x40kE40dKip51i1qlfUERaWU="></latexit>

u log
� "

_

µ

"(m�mb) + " _ ⌫̄
n" KKmin

mb

�
, ū log

� "

_ µ̄

m" KKmin

�
;

<latexit sha1_base64="y0GOyOOHgRxDjSFHStpo6B+IKi0="></latexit>

v  log
�
" _ ⌫

"(n� nb) + " _ µ̄
m" KKmin

nb

�
, v̄  log

�
" _ ⌫̄

n" KKmin

�
;

<latexit sha1_base64="xMgWV61WF8/W/mV6DhXKQD0nvLA="></latexit>

✓̄✓  stack(ū1nb , v̄1mb), ✓✓  stack(u1nb ,v1mb);
<latexit sha1_base64="APYWxJrFwi9AFvUxPEC4TlTsH6I="></latexit>

B(usc,vsc);
<latexit sha1_base64="eKgdGE5op4zzR5spfTynQfF5daU="></latexit>

Return

vsc
j  log(") if j 2 J{

",;
<latexit sha1_base64="gGA9AOJZJJeHTU7PIkQA8caPGGg="></latexit>

vsc
j  ( ✓✓v)j if j 2 J",

<latexit sha1_base64="A9p9+57e1eV8Z7+K+wNFLcPM6zM="></latexit>

and

usc
i  ( ✓✓u)i if i 2 I",

<latexit sha1_base64="aRk4pDJGq3VZbJRtHv0D2lOPeLo="> T5wi8kwte2hdcecGQDRx5w7GS0Y717nGFsXBdIsDEc5WZLuekqt1rKLVf5rKV85iq3W8ptV/m8pXzuKndbyl1XudPSKrhx9Yetzoeu8rilPHaVb1rKN67ybUvpRkr05KilVXDnvFFKTrMopYX78rYjL1ml+l2E6upKt6AN7wvBwxlOk15vDAUFzci84MMHgXlpRiDUPxVOHpAMXupSXROZXvq3SesNNdCP1GZHaIRUbfH3FTKlX7hzV8ei0/H6JfWqb9NvDfrpP6svfHge/f+5tPHNebTxNTzauN2j5Y/a35BXrdPejKT6Gl7eZqv2+uxOb+z+qO43Xk+G43vDycv7vc8fNT+4f9z5RefXnU87486fOp93tjv7nVedqPOvlV+u/Gblt6tfrv5l9a+rf6vRj1aaPj/rWNfqP/4NgeACMg==</latexit>

and usc
i  log("�1) if i 2 I{",;

<latexit sha1_base64="me0yx8DqUPjKmShgdWG2EnN4DXE="></latexit>

✓✓v  ( ✓✓nb+1, . . . , ✓✓nb+mb)
>;

<latexit sha1_base64="VACKCgy3tHn9+9hoL43YswNvQKM="></latexit>

✓✓u  ( ✓✓1, . . . , ✓✓nb)
>;

<latexit sha1_base64="Yh0VpUv7EXp9BEwUaOozigPCiDE="></latexit>

✓✓  L-BFGS-B( ✓✓(0), ✓✓, ✓̄✓);
<latexit sha1_base64="Tx7DDygugjEWYzQMit1IFYNMjMA="></latexit>

✓✓(0)  stack(u(0),v(0));
<latexit sha1_base64="s873/R6J63sPJK/ryEPejLXu98Q="></latexit>

u(0)  log("�1)1nb ,v
(0)  log(")1mb ;

<latexit sha1_base64="uXla2Ka3ZGLKEoOyNsL3EKGvPHc="></latexit>

STEP 2: L-BFGS-B 

STEP 1: SCREENING 



Theoretical Guarantees
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Proposition

Theoretical Analysis and Guarantees
P sc = diag(eu

sc
) KKdiag(ev

sc
)

<latexit sha1_base64="omBeywIlz2tNr5YlYlcp0hjivMU="></latexit>

Screened optimal transport plan

22

µsc = P sc1m
<latexit sha1_base64="kgLVbcFFkQ1kT/CJrwWkgfsB0Jk="></latexit>

⌫sc = (P sc)>1n
<latexit sha1_base64="NowprFsUhaDXvLPMd1shXu/lAsg="></latexit>

Screened marginals and

Proposition

cz = z � log z � 1forz > 0, cµ⌫ = µ ^ ⌫ with µ = min
i2I",

µi, ⌫ = min
j2J",

⌫j .
<latexit sha1_base64="AMmnH/Mpp6F6zDenmogI2DNqnDs="></latexit>

k⌫ � ⌫sc
k
2
1 = O

⇣
mbc 1


+ (m�mb)

⇣
kCk1

⌘
+

nb
p
nmcµ⌫ KK3/2

min

+
n� nb

p
nm KKmin

+ log
⇣ p

nm

nbc
5/2
µ⌫

⌘⌘⌘

<latexit sha1_base64="Qdx2Vz3XUiyC/0sYI7jg3Ux4/EQ="></latexit>

kµ� µsc
k
2
1 = O

⇣
nbc + (n� nb)

⇣
kCk1

⌘
+

mb
p
nmcµ⌫ KK3/2

min

+
m�mb

p
nm KKmin

+ log
⇣ p

nm

mbc
5/2
µ⌫

⌘⌘⌘

<latexit sha1_base64="Av2pBkl3J0bWmvxGfREJnX6SUCQ="></latexit>

 ",(u
sc, vsc)� (u?, v?) = O

�
R(kµ� µsc

k1 + k⌫ � ⌫sc
k1 + !)

�
<latexit sha1_base64="27fo5+SfJDEfLe6o32yZgxt5uck="></latexit>

R =
kCk1

⌘
+ log

�(n _m)2

nmc7/2µ⌫

�
and ! = |1� |kµsck1 + |1� �1|k⌫sck1 + |1� |+ |1� �1|

<latexit sha1_base64="L+P3ntpCUUgeAyBA8/qzBc8vZjM="></latexit>
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Theoretical Analysis and Guarantees: 
(Simulation on Toy Data)
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Marginal violations in relation with the budget of points

TSinkhorn

TScreenkhorn
<latexit sha1_base64="AAVtI5YkuEl6ChnjYlGGvIBe6lc="></latexit>

|h CC, P ?i � h CC, P sci|
h CC, P ?i

<latexit sha1_base64="lu0PMgmEU0ORUMpY7GVSSKAstRk="></latexit>



Integrating Screenkhorn 
into ML Pipeline: 

Unsupervised Domain 
Adaptation
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Unsupervised Domain Adaptation

(Credit image: N. Courty)

Traditional machine learning hypothesis:
We have access to training data. Probability distribution of the training  
set and the testing are the same.
We want to learn a classifier that generalizes to new data.

Ps
<latexit sha1_base64="diny3R+CTuxzm63eUN7a+PV6SrQ="></latexit>

Pt
<latexit sha1_base64="TJW+8VOOufu+acDP7zTEp6ePZ2A="></latexit>

target domainsource domain
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Unsupervised Domain Adaptation

(Credit image: N. Courty)
Domain adaptation: classification problem with data coming from different 
sources (domains).
Labels only available in the source domain, and classification is conducted  
in the target domain.
 Classifier trained on the source domain data performs badly in the target 
domain.
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OTDA: Optimal Transport Domain 
Adaptation

(Courty et al., 2017)Assumptions

There exist a transport     in the feature space between the two domains.T
<latexit sha1_base64="jzzOUexFCofm2zT8/8o1TXImqTY="></latexit>

The transport preserves the conditional distributions:
Ps[y|xs] = Pt[y|T (xs)]

<latexit sha1_base64="ApXo5tZ7rviV2AMISj9Xz5Eohy8="></latexit>

3-step strategy

2. Transport the training samples onto the target distribution using barycentric 
mapping (Ferradans et al., 2013)

1. Estimate optimal transport between distributions.

3. Learn a classifier on the transported training samples.
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Real Dataset for OTDA:  
MNIST(source) to USPS (target)
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Take Home Message

We introudce a novel approach for approximating the Sinkhorn divergence 
based on a screening strategy with a carefully analyzing its optimality  
conditions.

Integrated in some complex machine learning pipelines,  Screenkhorn  
algorithm achieves strong gain in efficiency while not compromising on accuracy.

Swiss Army Knife for Data Science!

Optimal Transport

Thank You!

(Credit image: P. Lemberger)


