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Optimal Transport (OT)
What is it !



OT s ...

A method for comparing probability distributions with the abllity to
incorporate spatial information.
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Source image: M. Cuturt (NIPS'I /), Tutorial on OT




Discrete OT Framework

Cost Matrix

Distance
(e.g. Euclidean distance)




Discrete OT Framework:

Monge’s Formula, —

Gaspard Monge
(1746 - 1818) Strict: Deterministic Assignments

€66 Mimoines pe L'Acapfmiz RovaLe

MEMOIRE
THEORIE 2{";;“01.’[}LAIS U f h
] ]‘ET DEJ‘)RE,IIBLAIJ‘. nl Orm Welg -tS
T

PrM MONGE

non-convex

combinatorial

non-existant



Regularized Discrete OT Framework:
Kantorovich’s Formula

Relaxed: Fractional Assignments

Probabllistic couplings set (Transport Polytope)
= A I nxm il T __
() =4 e Ry, 1y = p, 1, = v}
Leonid Kantorovich

(1912-1586) ® Computing OT between ftand 7 amounts to

Kantorovich 1942 solving a linear problem:

S(u,v)= min {{(C,7)=) > C;;l"}

Monge-Kantorovich / Wasserstein Distance




Regularized Discrete OT Framework:
Sinkhorn Divergence

® | inear programming problem that requires generally (’)(n?’ log(n)Q)
arithmetic operations.

® [ntropic regularization of OT distances relies on the addition of a penalty ternr

as follows:
Regularisation parameter

Splp,v) = min  {(C, ) —=nH(")}

<l (m,)
Sinkhorn divergence Negative entropy

(Cuturi, 201 3)
H(17) ==Y log(l”)
2,]
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Regularized Discrete OT Framework:
Dual Of 877(“’7 )

Sy (k) = ueRI"?,iDERm {W(u, 0) =1, Bu, )L — (u, 1) = (0, )}

Walsias — ( /"
B(u,v) := diag(e") K diag(e") Nk

® The primal optimal solution ' takes the form:
° * °
1 * = diag(e" ) K diag(e

wih (W™, v™) = argmin {¥(u,v)}
ucR™ velR™

Dual of Sinkhorn divergence

B s Kernel

*

)

Dual Optimal Variables
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Regularized Discrete OT Framework:
Sinkhorn Algorithm

® /’*can be solved efficiently by Sinkhorn iterations (near- 0 (n?) complexity
(Altschuler et al.,, 201 7))

ShiNpres (o) @I THR 2B Mo trrix-Scaling Problem

a9 1, /n, 00 « 1,, /m:

2 K e ¢ /.

3.For K=1,2.3,...

a'®) —po (k=1).
b — v o KTa*D,

4. Return diag(a(k)) K diag( (k))

10

(Flamary et al. 201 7/)

ot sinkhorn
P_star = sinkhorn(mu, nu, C, eta)



Screened Dual of
Sinkhorn Divergence



Screened Dual of Sinkhorn Divergence:
Motivations

® OI plan presents a large number of neglectable values (Blondel et al.,, 201 8)

® Static screening test In Lasso (Ghaoul et al., 2010)

® \We define the convexset C, = {w € R" : ™" > a}, for a > 0

® |dentify these indices and fixed at the thresholds before solving the problem.
=l Reduce the scale of the optimization procedure.
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Static Screening Test
Approximate Dual of S;(u, )

® Based on this idea, we define a so-called approximate dual of Sinkhorn
divergence.

Approximate dual of Sinkhorn divergence

S pu,v) = min  {¥ (u,v):=1,B(u, )Ly, — ( u,p) — (—, )}

® [hisis a simply dual Sinkhorn with lower-bounded variables, where the
bounds are

Ol = zlgle N, =

where > (0 and > (0  being fixed numeric constants



Static Screening Test: Definition

®  -parameter plays a role of scaling factor

u

=l ClOsed order of the potential components € and e

e \Without '~ the components e and e can have inversely related scale:

- ¢ being too large and e being too small

® [he static screening test aims at locating two subsets of indices

(I,.))e{l,...,n} x{1,...,m}

T(I,))

et > qn, and €7 > a,,,Y(1,7) € I X J,
e’ = q,, and €7 = a,, (7, j') € I® x JC.
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(w,v) € C, xCg



Static Screening Test 7(1 ,./ )
Ti(I)ZZIij and Cj(l)zzlij

-th row sum of F j-th row sum of F

—  and €7 = forallielﬂj and 7 &

® [he parameters and ' are difficult to interpret, we exhibit their relations
with a fixed number budget of points from the supports of 4 and

I5



Screening with a Fixed Number
Budget of Points

® We denoteby np € {1,...,n} and mp € {1,...,m}
the number of points that are going to be optimized In Sgd(u, ).

o et = € R" and € R"™ to be the ordered decreasing
vectorsof p@r( K) and v @c( K)

® [o keep only Mmyp-budget and Mmy-budget of points, the parameters

= Lmy and = Lp,

Then

= ()

1/4 nd my

® [his guarantees

‘I,‘:nb and | ,|:mb



Screening with a Fixed Number
Budget of Points

e If (u”,v”) solution of Sf;d(u, ) satisfies T (Lcr, Jer) with
Oly*x — and (Y, =

® \We can restrict the variables in Sg’d(u, ) to variables in 1 . and

Y

® This boils down to restricting the constraints feasibility C" NC™ to
to the screened domain defined by U~ N ¢

Screened Feasibility Domain

U ={uecR™:e" > Land V*={veR™: e >



Screening with a Fixed Number
Budget of Points

® By replacing in Sgd(u7 ) the variables belonging to (IB x )

)% and . we derive the screened dual of Sinkhorn divergence as




L-BFGS-B: Box Constraints on (v, v*)

For calculating objective function of S;Cd(u, )uses only the restricted parts

I Eq ) I (1 ,JC )
Eg ) ———
scd
(uSC7 SC) 877 (u’a )
K i = min K
1€l ,J€EJ -,
min, ' sc 1max; ;
v i€l maljfe < Ut <y iel M
(m—mb)+ \Y, njl .me m- K nin
min ; sc max,
Vv = ma}giel i S e = Vv " :
(n—nb)—l— \Y, b n K min



Screenkhorn

SCREENKHORN( C, 1, @, 1/, g, mp)

 F ee_(/";

|
7. - +sort(por( K)), < sort(r @ c( K)); (decreasing order)
3. €4+ (&np mb)1/47 A/ my/ 7
4.7  «—{i=1,....,n:p > 2 " K)}
5.J..«{j=1,....,m:v; > 2nc;( K)};
6. K pin = ; min K STEP |: SCREENING
7 W 4 min M,ﬁ — max f;; 4 IIn f;, 7 < max p;
— i€l i€l « JEJ -, JE€J ik
5 i T
8g<_10g< M (m—mb)+ \/n }minmb),UFlog( vm_I min)7
9. vlog( Vv (n—nb)+_vm Iﬁ .nb),_%log( \/n p min);
|O Z <— stack(ﬂ,lnb, _1mb)7i < StaCk(ﬁl’nb)_lmb);
| |. ’U,(O) 2 log( _1)17%7 (0) — log( )1mb;
12. 6© StaCk(’U/(O)a (O))Q
3. 6 « L-BFGS-B( 69, ¢, 6);
| 4, T.
Oy (61,..., On,)"'; STEP 2: L-BFGS-B
15 0y < (Onyit,-- s Onpimy) s
16, 45 (0u);ifi €1 and s« log( ) ifi €I ;
C

7. v5° < (0y);if j€J. . and S log( ) ifje

18. Return B(u™, v°°);

Y
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Theoretical Guarantees
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Theoretical Analysis and Guarantees
a

Screened optimal transport plan  /78¢ — diag(eusc) K diag(e

- SC SC
Screened marginals > = 1,, and ¢ = ( SC)Tln
sci2 1C| o mp m — my nm
10— 153 —O(nbcﬁ+(n—nb)( 0 + e i{i + o E o + log (mbCZ/Q)))
sci2 _ 1Cloo n n—np vnm
H B ||%_O(mbci+(m_mb)( n +1/nm6u I 31{1?1+\/m1 rnin_|_10g (W>))
c;=z—logz—1forz > 0,c,, = p A v with p,:.g}in L, _:énin i
7 p= J
U, (%, 0%) = U(u*,v*) = O(R(|lpp — *|l1 + [l — v*||1 + wi))
Cloo V m)? _ _
R= 1 4 1og (V) and o, = |1 — il + 1 = Rl + 1= ]+ 1= 57

T nmecy,
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Theoretical Analysis and Guarantees:
(Simulation on Toy Data)

n = m =1000

n = m =1000

Lo o o
— N

Decimation factor m;/m

n = m =1000 n = m =1000

Ut

Running Time Gain
Relative Divergence Variation

o o o
— [q\}

Decimation factor n/n;

TSINKHORN

TSCREENKHORN
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Integrating Screenkhorn
into ML Pipeline:
Unsupervised Domain
Adaptation



Unsupervised Domain Adaptation

‘ ‘ target domain

Probability Distribution Functions over the domains

(Credit image: N. Courty)

® [raditional machine learning hypothesis:

® \/Ve have access to training data. Probability distribution of the training
set and the testing are the same.

® \/Ve want to learn a classifier that generalizes to new data.
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Unsupervised Domain Adaptation

(Credit image: N. Courty)

® Domain adaptation: classification problem with data coming from different
sources (domains).

® [ abels only avallable in the source domain, and classification is conducted
In the target domain.

® (lassifier trained on the source domain data performs badly in the target
domain.

26



OTDA: Optimal Transport Domain
Adaptation

(Courty et al., 201 7)

® [here exist a transport | In the feature space between the two domains.

® [he transport preserves the conditional distributions:

Piy|lxs] = Ply| (x)]

3-step strategy

| Estimate optimal transport between distributions.

2. Transport the training samples onto the target distribution using barycentric
mapping (Ferradans et al, 201 3)

3. Learn a classifier on the transported training samples.
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Real Dataset for OTDA:
MNIST (source) to USPS (target)
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Take Home Message
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(Credit image: R Lemberger)

® \/Ve introudce a novel approach for approximating the Sinkhorn divergence
based on a screening strategy with a carefully analyzing its optimalrty
conditions.

® |ntegrated in some complex machine learning pipelines, Screenkhorn
algorithm achieves strong gain In efficiency while not compromising on accu

[ hank You!



