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Supervised Learning: Setting
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Supervised training dataset

Dn = {(xi, yi) : i = 1, . . . , n}

<latexit sha1_base64="88p0sLvtGTxtLDNFbtiA6NDwTIw="></latexit>

with features

xi = [xi,1, . . . , xi,p]> 2 Rp

<latexit sha1_base64="19BKktYZi9CarlOrtPOwysAPU+I="></latexit>

and labels

yi 2 Y ⇢ R

<latexit sha1_base64="mSW7FUQ+bEJMvqOaUgI0At1fMQw="></latexit>

Features matrix 


 X = [xi,j ]1in;1jp 2 Rn⇥p

<latexit sha1_base64="ijPi8cj4FQJrFtAASi0McKFIzUs="></latexit>

……X•,1

<latexit sha1_base64="kvn0rH+sCSA3t3+o8A5p0FaVXrQ="></latexit>

…… X•,p

<latexit sha1_base64="7/S5R/9TCfd7/NVadtKcA3C9o0E="></latexit>

X•,j

<latexit sha1_base64="8YneeyeZ7vGzcrlPA7I7DXw2sDM="></latexit>

X•,j

<latexit sha1_base64="8YneeyeZ7vGzcrlPA7I7DXw2sDM="></latexit>

n

<latexit sha1_base64="2z7tsySY8hhXa6FYl25+RUqhEY4="></latexit>

p

<latexit sha1_base64="bOtQoRUXkpHN6/6EVJ2XT6bdlOM="></latexit>

X

<latexit sha1_base64="7iLKdA3YjckvkD7CIYm5o2rpebg="></latexit>

A well know-trick: 

One-Hot Encoding

Several  
continuous features 

(Lieu et al., ‘02); 

Wu and Coggeshall, ’12)

                                         



One-Hot Encoding:
Features Binarization
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Features Binarization: Setup
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Binarization Setup: 
The         column         is replaced by a number   

of binary columns (containing only zeros and ones)


j-th

<latexit sha1_base64="YIvpYbGkB4eMJb8SgQT23P7pNFw="></latexit>

X•,j

<latexit sha1_base64="8YneeyeZ7vGzcrlPA7I7DXw2sDM="></latexit>

dj � 2

<latexit sha1_base64="WQu976AuyqWnnCpk9+jXG9vDXg4="></latexit>

XB
•,j,1, . . . ,X

B
•,j,dj

<latexit sha1_base64="6RDEDVDN/skjxDfgLAbAB/E3E2k="></latexit>

X•,j

<latexit sha1_base64="8YneeyeZ7vGzcrlPA7I7DXw2sDM="></latexit>

1

<latexit sha1_base64="MExbwctp82v2EJ7XGPyvNlHobeA="></latexit>

1

<latexit sha1_base64="MExbwctp82v2EJ7XGPyvNlHobeA="></latexit>

1

<latexit sha1_base64="MExbwctp82v2EJ7XGPyvNlHobeA="></latexit>

1

<latexit sha1_base64="MExbwctp82v2EJ7XGPyvNlHobeA="></latexit>

1

<latexit sha1_base64="MExbwctp82v2EJ7XGPyvNlHobeA="></latexit>

1

<latexit sha1_base64="MExbwctp82v2EJ7XGPyvNlHobeA="></latexit>

1

<latexit sha1_base64="MExbwctp82v2EJ7XGPyvNlHobeA="></latexit>

1

<latexit sha1_base64="MExbwctp82v2EJ7XGPyvNlHobeA="></latexit>

1

<latexit sha1_base64="MExbwctp82v2EJ7XGPyvNlHobeA="></latexit>

1

<latexit sha1_base64="MExbwctp82v2EJ7XGPyvNlHobeA="></latexit>

1

<latexit sha1_base64="MExbwctp82v2EJ7XGPyvNlHobeA="></latexit>

1

<latexit sha1_base64="MExbwctp82v2EJ7XGPyvNlHobeA="></latexit>

1

<latexit sha1_base64="MExbwctp82v2EJ7XGPyvNlHobeA="></latexit>

1

<latexit sha1_base64="MExbwctp82v2EJ7XGPyvNlHobeA="></latexit>

1

<latexit sha1_base64="MExbwctp82v2EJ7XGPyvNlHobeA="></latexit>

1

<latexit sha1_base64="MExbwctp82v2EJ7XGPyvNlHobeA="></latexit>

1

<latexit sha1_base64="MExbwctp82v2EJ7XGPyvNlHobeA="></latexit>

1

<latexit sha1_base64="MExbwctp82v2EJ7XGPyvNlHobeA="></latexit>

1

<latexit sha1_base64="MExbwctp82v2EJ7XGPyvNlHobeA="></latexit>

1

<latexit sha1_base64="MExbwctp82v2EJ7XGPyvNlHobeA="></latexit>

XB
•,j,1

<latexit sha1_base64="6nv3IQwBSMDuxDboTkZXcLPFT2Y="></latexit>

XB
•,j,dj

<latexit sha1_base64="UcqWdzx5BRcSVWEIebsZznUadGg="></latexit>

….

n

<latexit sha1_base64="2z7tsySY8hhXa6FYl25+RUqhEY4="></latexit>

dj

<latexit sha1_base64="CvftKwyDO9K8z7QynIS9BlncyQ8="></latexit>

Binary Features

Partition of the range of values of  

into intervals                             and put                                Ij,1, . . . , Ij,dj

<latexit sha1_base64="9N82dGo18vclMHtfHB0bT/1sL5Y="></latexit>

X•,j

<latexit sha1_base64="8YneeyeZ7vGzcrlPA7I7DXw2sDM="></latexit>

xBi,j,k =

(
1, if xi,j 2 Ij,k,

0, otherwise

<latexit sha1_base64="exhyDOjSoHMiUmXcXvPVOpDXMCU="></latexit>



Features Binarization: Setup

If         takes values (modalities) in the set                     with cardinality      , we take 

              and use one-hot coding of each modality by defining:        
X•,j

<latexit sha1_base64="8YneeyeZ7vGzcrlPA7I7DXw2sDM="></latexit>

{1, . . . ,Mj}

<latexit sha1_base64="I/TdVUo4SrV1iU01ybWW3S+sQ1s="></latexit>

Mj

<latexit sha1_base64="EbbuD7jnLJHE5ri6xeaZ54O8xhQ="></latexit>

dj = Mj

<latexit sha1_base64="8sOPBCJuSOAdFHro3gWj9EhHNdU="></latexit>

7

xBi,j,k =

(
1, if xi,j = k,

0, otherwise

<latexit sha1_base64="k6vMtjpXUfJhVP83H1i8XfeK6s0="></latexit>

X

<latexit sha1_base64="7iLKdA3YjckvkD7CIYm5o2rpebg="></latexit>

XB

<latexit sha1_base64="dBkmBnMlVgw09rJFM4OhN7UFs3Y="></latexit>

1

<latexit sha1_base64="MExbwctp82v2EJ7XGPyvNlHobeA="></latexit>

Binarization

d1 = 4

<latexit sha1_base64="i7YyXTz4NbX1pY+fGKf5XYiN/wY="></latexit>

d2 = 6

<latexit sha1_base64="WLTD1J1pfz69KRhK+D5moqVihEs="></latexit>

d3 = 6

<latexit sha1_base64="D5fx9xt5v/3uvKD548nPFuzn9vw="></latexit>

d4 = 9

<latexit sha1_base64="4xO3y9BQpWZ2FBiwCYb/2W/i0Jc="></latexit>

d5 = 10

<latexit sha1_base64="9TkCpJXM+rx+HH19ifyNfVnmu4M="></latexit>

n

<latexit sha1_base64="2z7tsySY8hhXa6FYl25+RUqhEY4="></latexit>

Binarized Features Matrix



Features Binarization: Inter-quantile Partition 
Intervals
The          of the binarized matrix          reads as 
i-th

<latexit sha1_base64="gJwbn3Yesm8W0xhQw6c9npKKKGw="></latexit>

XB

<latexit sha1_base64="l6mJMy+uxy5vPlx7KxNHEuFrSGI="></latexit>

Choice of the          Intervals?Ij,k

<latexit sha1_base64="YihadALjTz5CJtxpQVly4FbpArA="></latexit>

Natural Choice: Inter-quantile intervals

Ij,1 =
h
qj(0), qj(

1

dj
)
i
and Ij,k =

⇣
qj(

k � 1

dj
), qj(

k

dj
)
i

<latexit sha1_base64="4pgzL1ScmQz25UyQ5ZmQq1gKwcI=">AAAuB3icxVpZc9y4EZY310a5vMljXpAoKh81kjXKetebLVWtxrpcJcmyLUuyxbECkhgOLV4GQEljLPOeX5O3VF7znF+Qf5MGCHIIkNy7KlM1JIj+utG4Gt1NulkUMr629t9bH/zoxz/56c8+/PniL375q1//5vZHvz1haU498tJLo5SeuZiRKEzISx7yiJxllODYjcipe/lY0k+vCGVhmhzzWUbGMQ6ScBJ6mEPVxe3/OC4JwkSQd7mquV8sCkeJPaeBOxZrqw/Xhp998slgbXVtbfjxoyEUPvvsEVQWTy7E2wEaFmgDOaMwOH938fbu2j00QLLgTCj2kBgWwr94W9xTiLHDyQ0XCCc+KlDJflmx321wXa7UfIa0S0PaYuGQxG9ofnF7SWopf6hdGOrC0oL+HV18NPiT46deHpOEexF </latexit>

for                            and where            denotes a quantile of order               for k = 2, . . . , dj ,

<latexit sha1_base64="JYYQyUl0Pvvgot4T3PIcMXVmrWU="></latexit>

qj(↵)

<latexit sha1_base64="wvbL5NE55z8FZfnDcLHNLSlw6z8="></latexit>

↵ 2 [0, 1]

<latexit sha1_base64="qHhqkpTZwu9SyreR9tUxOHc5CDk="></latexit>

X•,j

<latexit sha1_base64="8YneeyeZ7vGzcrlPA7I7DXw2sDM="></latexit>

8

d =
pX

j=1

dj

<latexit sha1_base64="4hdTKfsMP70EzgARlc15hXfHIvs="></latexit>

xBi = [xBi,1,1, . . . , x
B
i,1,d1 , x

B
i,2,1, . . . , x

B
i,2,d2 , . . . , x

B
i,p,1, . . . , x

B
i,p,dp ]

> 2 Rd

<latexit sha1_base64="NvBWLmH8SrRmsvFD3lT57HbixRU="></latexit>

 1  0  0  0   1  0 0  0  0  0  0  0  1  0  0 0  0 0 0 0  1 0 0 0 0 0 10 0 0 0 0

where

                         



Features Binarization: Example

9

tick  
ML Python Package

(Bacry et al., 2018)



Features Binarization: Weights

Weights of one-hot encoded features 
To each binarized feature            corresponds a parameter 

10

XB
•,j,k

<latexit sha1_base64="lDNwwyhSmOwUc2iB56WHIOvbU1s="></latexit>

✓j,k

<latexit sha1_base64="Fl+YVwoXznbG0piwZy2IU+lx2WI="></latexit>

The parameters associated to the binarization of the          feature is denoted j-th

<latexit sha1_base64="ot2NH892K5pr+h6oXiVnFLJwSvs="></latexit>

✓j,• = [✓j,1 · · · ✓j,dj ]>

<latexit sha1_base64="RDiBAEd8/EBl+rH+fctvFUGR+Lc="></latexit>

The full parameters vector of size                 , is simply
d =
pX

j=1

dj

<latexit sha1_base64="nYKb7nD2MeRlTM3xZlvAO6GFvIc="></latexit>

✓ =
⇥
✓1,1 · · · ✓1,d1 ✓2,1 · · · ✓2,d2 · · · ✓p,1 · · · ✓p,dp

⇤> 2 Rd

<latexit sha1_base64="YGUqM25TgI/20DMl9AMpZCPDhto="></latexit>



Linear regression on raw features

y

<latexit sha1_base64="2nTsAOYsvIFPWHi7PI3zxc3uEWw="></latexit>

yi = !>xi + b =
pX

j=1

!jxi,j + b

<latexit sha1_base64="J9kMiTvUW8nXVZ5XZqcRl1gHstE="> </latexit>

Impact of the        feature is linear and  
encoded by a single weight  

11

y

<latexit sha1_base64="2nTsAOYsvIFPWHi7PI3zxc3uEWw="></latexit>

Features Binarization: Weights
Linear regression on binarized features

!j

<latexit sha1_base64="xDI8RmyWOn6NAOdxFuyqy9EZ8F8="></latexit>

Impact of the        feature is piecewise 
constant and encoded by a block 
  ✓j,• = [✓j,1 · · · ✓j,dj ]>

<latexit sha1_base64="RDiBAEd8/EBl+rH+fctvFUGR+Lc="></latexit>

j-th

<latexit sha1_base64="v6pXrw/82QoiIXJ4yjL6o24Uazc="></latexit>

j-th

<latexit sha1_base64="v6pXrw/82QoiIXJ4yjL6o24Uazc="></latexit>

x 7! !jx

<latexit sha1_base64="GtGCqJojfQUdLAQiyqdhw7NCrB4="></latexit>

x 7!
djX

k=1

✓j,k1(x 2 Ij,k)

<latexit sha1_base64="Cpncl8gFq4+Rb7wzvO1zAJvlbAw="></latexit>

yi =
pX

j=1

djX

k=1

✓j,kxi,j,k + b =
pX

j=1

djX

k=1

✓j,k1(xi,j 2 Ij,k) + b

<latexit sha1_base64="qC+5+mlmo2dbHRsyZwBT2VB1unA="></latexit>

x
<latexit sha1_base64="wd7AsEeVL07Je/fDM6iw+efDYuU="></latexit>x

<latexit sha1_base64="wd7AsEeVL07Je/fDM6iw+efDYuU="></latexit>

✓j,k
<latexit sha1_base64="XGcPMAHn1Qs2YtWfYcoGbZu0roY="></latexit>

Ij,k
<latexit sha1_base64="wW6oJuZD15dUvyHPb0JiAz0J+rU="></latexit>



Features Binarization: Issues

(P2) Overparametrization 
Increasing the number of bins       

XB

<latexit sha1_base64="dBkmBnMlVgw09rJFM4OhN7UFs3Y="></latexit>

dj

<latexit sha1_base64="CvftKwyDO9K8z7QynIS9BlncyQ8="></latexit>

(P1) Colinear binary features 
One-hot-encodings satisfy


djX

k=1

xBi,j,k = 1, for all j = 1, . . . , p
<latexit sha1_base64="K4boN3B0dHr2tIz7Z3q4G7M+IzU="></latexit>

(P3) Feature selection 
Some of the raw features         might be 

not relevant for the prediction task!       

X•,j

<latexit sha1_base64="8YneeyeZ7vGzcrlPA7I7DXw2sDM="></latexit>

✓j,1 = 0, . . . , ✓j,dj = 0
<latexit sha1_base64="qyCRDALKjw3rFHDktPnE3vMLBew="></latexit>

12

Not full rank

Overfitting

Block-Sparsity!



Features Binarization: Solutions
To deal with (P1),  we impose a linear constraint in each block (Agresti, 2015)


 


To tackle (P2), we keep the number of different values taken by 

to minimal level by using a within block weighted total-variation penalization 

n>
j ✓j,• =

djX

k=1

nj,k✓j,k = 0 for all j = 1, . . . , p
<latexit sha1_base64="XX1Xqmrcoyp6BJstyEKwiL8QeKo="></latexit>

nj,k = |{i : xi,j 2 Ij,k}|
<latexit sha1_base64="iM8DnlqkB8OV4onHOUy7FuCT9XI="></latexit>

 where

✓j,•
<latexit sha1_base64="cEWY2Fc7SivtaPZut/ebpkq/fGs="></latexit>

pX

j=1

k✓j,•kTV,!̂j,• =

djX

k=2

!̂j,k|✓j,k � ✓j,k�1|
<latexit sha1_base64="MitPSMla/tK9KXJwT/HdIs+F94U="></latexit>

(S1) + (S2) solve (P3)

(S2)

(S1)

13

nj = [nj,1, . . . , nj,dj ]
> 2 Ndj

<latexit sha1_base64="FgAAxpABTm2usFJYd4Ksf9ieO8U="></latexit>



Binarsity

14

                                                          bina(✓) =
pX

j=1

⇣ djX

k=2

!̂j,k|✓j,k � ✓j,k�1|+ �j(✓j,•)
⌘

<latexit sha1_base64="J8xhZHVnghBzswVXHGTMwG098B8="></latexit>

where �j(u) =

(
0 if n>

j u = 0,

1 otherwise
<latexit sha1_base64="ZGxMja4JGkkdlCJnVIBqmMF5qUo="></latexit>

⇡̂j,k =

���
n
i = 1, . . . , n : xi,j 2 [dj

k0=kIj,k0
o���

n
<latexit sha1_base64="eJ2Mfx56JWif9LblOHMUhgMlHCI="></latexit>

!̂j,k = O

 r
log d

n
⇡̂j,k

!

<latexit sha1_base64="3DwA8oU6BWasDevTJBWlpdVIeRQ="></latexit>

withand

Proportion of 1’s in the sub-matrix 

obtained by deleting the first     columns 
in the   -th binarized block matrix⇡̂j,k

<latexit sha1_base64="Ez0lquE0FXgCTL39R7P68ylyxro="></latexit>

=<latexit sha1_base64="jHETpKUFMyGnAS3A0rc11VeALaA="></latexit>

k
<latexit sha1_base64="ve5KYzwKxUTkkqpKV232XwdN75Q="></latexit>

j
<latexit sha1_base64="qA5S7ZPJU/mVf/7rHLpKr/CkwyA="></latexit>



Binarsity: Interpretation

15

X•,j

<latexit sha1_base64="8YneeyeZ7vGzcrlPA7I7DXw2sDM="> </latexit>

dj
<latexit sha1_base64="xFaVhrZ5A0rlEPRYfhsLCI4KtOw="></latexit>

Large ✓j,k and ✓j,k�1
<latexit sha1_base64="lkSyXmMaHX5nYE9hMOS9z0bxERc="></latexit>

to be close

`1
<latexit sha1_base64="vc2BuWpC61XaKyE8T3BzrfPE02s="></latexit>

Penalization Sparsity

Penalization Piecewise constant ✓j,•
<latexit sha1_base64="x7V5CuOi7VoZBFpnZkRj/jBBZi4="></latexit>

If           is constant than the linear constraint                       entails ✓j,•
<latexit sha1_base64="x7V5CuOi7VoZBFpnZkRj/jBBZi4="></latexit>

nj
>✓j,• = 0

<latexit sha1_base64="h3cMAnYGeRaU+5/+aIcmoJm0UNI="></latexit>

✓j,• ⌘ 0
<latexit sha1_base64="4Y1AHzukgrorrGqnboTyFi7UeRU="></latexit>

Statistically relevant if

Statistically not relevant  if ✓j,• ⌘ 0
<latexit sha1_base64="4Y1AHzukgrorrGqnboTyFi7UeRU="></latexit>

✓j,• 6⌘ 0
<latexit sha1_base64="DeH+Mhdf4oaArLfpy6SNIxzjl8M="></latexit>

Binarsity

<latexit sha1_base64="CLF8kqfxEaOMYCCa7hV8GGk3tIg="></latexit>

Block-Sparsity

Block-Sparsity!



Illustrations

16



Weights of a logistic Regression 
on Churn  Dataset (UCI)  n = 3333, p = 14

<latexit sha1_base64="curR2f+JfUpL1IVhPE7zo5uQ6rw="></latexit>
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Binarized features 

Binarized features 



Decision Boundaries of a Logistic Regression
Toy datasets with n = 1000, p = 2 and d1 = d2 = 100

<latexit sha1_base64="bkmo+zUmjknF5FE/p6QBbVv+cj4="></latexit>

18



Theoretical Guarantees
(GLM + Binarsity)

19



Generalized Linear Models

P(y|x) = exp
⇣ym0(x)� b(m0(x))

�
+ c(y,�)

⌘

<latexit sha1_base64="Z4uA2wkioCG3Pp1Tqun1ITaeC/s="></latexit>

The functions           and           and the dispersion parameter       are known.b(·)

<latexit sha1_base64="f950E8egZ24B/WlUFgOulbP8a0s="></latexit>

c(·)

<latexit sha1_base64="eCJxeygiGlxGta2P8Mz7Dwf683Q="></latexit>

m0(·)

<latexit sha1_base64="bvL7Vlj+zpyX18HwCa/fC4H5Ufg="></latexit>

�

<latexit sha1_base64="yAGSIQfshCdgDPEOQnw8N84BWkU="></latexit>

The natural parameter                is unknown with 

20

m0(x) = g(E[y|x]), where b0 = g�1

<latexit sha1_base64="i4m5RN76kHTR+O1PzdAGZ8Byxbc="> </latexit>

Examples: 
Logistic and probit regression for binary data or multinomial regression for categorical 
data, Poisson regression for count data, etc ...



GLM: Goodness-of-fit

21

Empirical risk       

Rn(m✓) =
1

n

nX

i=1

`
�
yi,m✓(xi)

�

<latexit sha1_base64="b9v74+oQCYk6wKT5Y2ioegMbABE="></latexit>

m✓(x) = ✓>xB

<latexit sha1_base64="/xmk1Dk6m5tkN/3HLADlqVtLyaY="></latexit>

GLM loss function `
�
y, y0) = �yy0 + b(y0)

<latexit sha1_base64="lX493ogI6qQyYDYHEZWtKccJqrI="></latexit>

We estimate          by                   m0

<latexit sha1_base64="epSdQqrEge0KWyhKDH5H3LIi0g0="></latexit>

m̂ = m✓̂

<latexit sha1_base64="HhnBjTKuqUnpq1eZPeeuSWvZ398="></latexit>

✓̂ 2 argmin
✓2Rd

�
Rn(m✓) + bina(✓)

 

<latexit sha1_base64="Y5C9XwwBZygTQgO4DBjWISCcVU8="></latexit>



Assumptions on GLM
A1.          is three times continuously b(·)

<latexit sha1_base64="f950E8egZ24B/WlUFgOulbP8a0s="></latexit>

|b000(z)|  Cb|b00(z)|

<latexit sha1_base64="0yHDd1UhD4ARPYWYXpXnFxXzPIo="></latexit>

Cb > 0

<latexit sha1_base64="qdKCH2+STysT/Q2fYAoi71kkq90="></latexit>

Cn = maxi=1,...,n |m0(xi)| < 1

<latexit sha1_base64="3ycaudVeoakfVKDwiY+j6psnrzs="></latexit>

A2.                                        for some 

A3. 

A4. Ln  maxi=1,...,n b00
�
m0(xi)

�
 Un

<latexit sha1_base64="wAjFWRCrNyytjo0SyLhppJ/L+tg="></latexit>

• Satisfied for the following standard GLM :

22

Model

Normal 1 0 0 1 1

Logistic 1 2 1/4

Poisson 1 1

b(z)

<latexit sha1_base64="uIuPajpJE+BzG4bOPXGdnFo0rMw="></latexit>

b0(z)

<latexit sha1_base64="8ZZ7KKLx7T85s7jpUbcIO6Ot7EQ="></latexit>

�

<latexit sha1_base64="yAGSIQfshCdgDPEOQnw8N84BWkU="></latexit>

b00(z)

<latexit sha1_base64="8EqyWkh+flyBrOfg7LWn1p6Zsgg="></latexit>

b000(z)

<latexit sha1_base64="GXmiqh+ioHub6v7TfsbQWw8CSAU="></latexit>

Cb

<latexit sha1_base64="QVCvVlr00RGOwdn5lpXZhAgSt4I="></latexit>

Ln

<latexit sha1_base64="KCvf7eZKIe+ulTEJxK2qkRG7zvI="></latexit>

Un

<latexit sha1_base64="+taoiE1yZBWpvhJEyHt77ViOwjY="></latexit>

�2

<latexit sha1_base64="ipBstsFm/kUGoOYZ/gzz+OrrqU0="></latexit>

z2

2

<latexit sha1_base64="IZQNpv+wvPc4ycGK0QirAEFxG0g="></latexit>

log(1 + ez)

<latexit sha1_base64="PWsSECluZythZxuxP20TG8h86+o="></latexit>

ez

<latexit sha1_base64="LAzUxxAaoYT94z3ImpKASc+19CY="></latexit>

ez

<latexit sha1_base64="LAzUxxAaoYT94z3ImpKASc+19CY="></latexit>

ez

<latexit sha1_base64="LAzUxxAaoYT94z3ImpKASc+19CY="></latexit>

ez

<latexit sha1_base64="LAzUxxAaoYT94z3ImpKASc+19CY="></latexit>

e�Cn

<latexit sha1_base64="eTVWbfSpRV9VMMBX7n+HW3dn3X0="></latexit>

eCn

<latexit sha1_base64="ltJ7cqhSbFYx5l5quQs6pyjdJSA="></latexit>

z

<latexit sha1_base64="qxG87jrDB0mc5Lp/vbYMJ+Hhx78="></latexit>

ez

1 + ez

<latexit sha1_base64="Dn56IkCiWSpm77MI6oYRfE9Yp1Q="></latexit>

ez

(1 + ez)2

<latexit sha1_base64="fb6RkdwTj5uhfMJ8harNPllzRmM="></latexit>

1� ez

1 + ez
b00(z)

<latexit sha1_base64="ZrPNHaaJmVISsLuSkcV/DRlNt5Y="></latexit>

eCn

(1 + eCn)2

<latexit sha1_base64="wrsnoXj/LjXyEm0HJ1bXMg2vEcM="></latexit>



Orcale inequality
Non asymptotic oracle inequality in terms of Excess risk:

R(m̂)�R(m0) = EP(y|x)[Rn(m̂)�Rn(m0)]

<latexit sha1_base64="pGmukxOrlq3DnLhJUhbxRDqX6R8="></latexit>

�43�'8>25949/)�47')1+�/3+6:'1/9>
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B�4<�)148+�/8��������94�9.+�+=5+)9+*�2/3/2'1�7/80��

B�+'8:7+*�(>�9.+�+=)+88�7/80�����

<latexit sha1_base64="3oiW65E+4k7xWPSMIvDH05Y38OI="></latexit>

m̂
<latexit sha1_base64="ulzIEdCj588g42l9pk91CiVWUyo="></latexit>

R(m̂)�R(m0)

B �47�����,/=+*�574;+�842+�9./3-�1/0+��
<latexit sha1_base64="4oPI1e8rBWcZf63wTQl1izzS7DE="></latexit>

R(m̂)�R(m0)  inf
✓

�
R(m̂)�R(m0) +

complexity(✓)

n

 
<latexit sha1_base64="pKdOYEJ10B+b6QyEVlwFPYxoPYI="></latexit>n

B�'884���/)0+1�� /94;��"8>('04;�A����
<latexit sha1_base64="HFYXwM6daUtl9zn2X+D6o7MjvJE="></latexit>

complexity(✓) = s(✓) log p
<latexit sha1_base64="96gTIa1AGoL+lDJv4B11qft1Nhw="></latexit>

where s(✓) = sparsity(✓) = |{j = 1, . . . , p : ✓j 6= 0}



Binarsity: new measure of sparsity

For ✓ 2 Rd, let J(✓) =
⇥
J1(✓), . . . , Jp(✓)

⇤
be the concatenation of the support

sets relative to the total-variation penalization, that is

Jj(✓) =
�
k : ✓j,k 6= ✓j,k�1, for k = 2, . . . , dj

 
.

<latexit sha1_base64="nnPRTq1wNI+SugtIxSZEhfcMkJA="></latexit>

binarsity(✓) = |J(✓)| =
pX

j=1

|Jj(✓)| =
pX

j=1

|
�
k : ✓j,k 6= ✓j,k�1, for k = 2, . . . , dj

 
|

<latexit sha1_base64="3bB50vMbanDLY4nctQwQ5DpXaMs="></latexit>
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��������������������)4:398�9.+�3:2(+7�4,�343�+6:'1�)438+):9/;+�;'1:+8�4,� ✓

<latexit sha1_base64="vrPDHvOsE81zmLTHsZyq78bWnKY="></latexit>

B�,� �/8�(14)0�85'78+�������������������������<.+7+������������������������������������������������������������������������✓

<latexit sha1_base64="vrPDHvOsE81zmLTHsZyq78bWnKY="></latexit>

<latexit sha1_base64="Xe2drN21ma4rjSX6zhrAo9HbHDc="></latexit>

|J(✓)|  |J (✓)| max
j2J (✓)

|Jj(✓)|

<latexit sha1_base64="9EBMU37PlYx4/uK//4YYzRKEJAU="></latexit>

|J (✓) = {j = 1, . . . , p : ✓j,• 6= 0dj}
<latexit sha1_base64="KeW1uqoJX7GVrUUPGsLU/YW2TBA="></latexit>

|J (✓)| ⌧ p

9.+3

<./).�2+'38�9.'9���������������/8�)4397411+*�(>�9.+�(14)0�85'78/9>�
<latexit sha1_base64="W0rd6vQowFHqGr58q4RouTz5FoI="></latexit>

|J(✓)|
<latexit sha1_base64="31R/J37NxE/KcJNCg1Ql8x5hHr8="></latexit>

|J (✓)|



Restricted Eigenvalues Assumption
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B�+9���������������������������������������(+�'�)43)'9+3'9/43�4,�/3*+=�8+98�'3*�*+,/3+

<latexit sha1_base64="J4syiOKwKWH5463ofigcvFe0g4Y="></latexit>

CTV,!̂(K) =

⇢
u 2 Rd :

Pp
j=1 k(uj,•)Kj

{kTV,!̂j,•  2
Pp

j=1 k(uj,•)KjkTV,!̂j,•

�
.

<latexit sha1_base64="5K5IE+0/YGwpm4xk/9WLAGeBNXQ="></latexit>

K = [K1, . . . ,Kp]
<latexit sha1_base64="zfbta1uDqSflh8+6a2bQgOLgr6Q="></latexit>

(K) 2 inf
u2CTV,!̂(K)\{0d}

(
kXBuk2p
nkuKk2

)

</9.

<.+7+
<latexit sha1_base64="S8743PYT2WcQbDpgqFGpQnNoSqg="></latexit>

(uK)k = uk if k 2 K and (uK)k = 0 if k 62 K.

B".+�����������������������/8�'�)43+�)42548+*�(>�'11�;+)9478�</9.�'�8:55479�@A)148+AA�94�
<latexit sha1_base64="dOpu4KfsJag/4gBXHP7q8ag68xE="></latexit>

CTV,!̂(K)
<latexit sha1_base64="hiRM4ynCIjGns6+kp+8NgqxHRXE="></latexit>

K.

Assumption:
<latexit sha1_base64="1r8Pra+G0NU9kC5yi28vwZYh66U="></latexit>

We have (K) > 0 for any K such that |K| =
Pp

j=1 |Kj |  J?.



Theorem
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B�+,/3+�

<latexit sha1_base64="IHTdU7qunF3RzgyAKjNDcjtFkGQ="></latexit>

A > 0,47�842+�)4389'39���������������'3*�)438/*+7
<latexit sha1_base64="ICfzpMQIHvAu5C+aJcq7B4y6WPE="></latexit>

✓̂ 2 argmin
✓2Bd(⇢)

�
Rn(m✓) + bina(✓)

 

<.+7+� <latexit sha1_base64="w4qifYJ5hEc4s8QuLVp+Aag4BEQ="></latexit>

Bd(⇢) = {✓ 2 Rd :
Pp

j=1 k✓j,•k1  ⇢}.
B��89'3*'7*�)43897'/39�/3�1/9+7'9:7+�,47�9.+�5744,�4,�47')1+�/3+6:'1/9/+8�,47�85'78+����8�
�$'3�*+��++7�A�������;'34,,�+9�'1��A	
��

<latexit sha1_base64="Pz/rjE1vO6kUORRKkhp7tQVJKkA="></latexit>

!̂j,k =

r
2Un�(A+ log d)

n
⇡̂j,k

B�49+�9.'9�
<latexit sha1_base64="3/RMRXLdIPN0XlkkKqOQU2Hdc2s="></latexit>

maxi=1,...,n |hxBi , ✓i 
Pp

j=1 k✓j,•k1  |J (✓)|⇥ k✓k1.

B!4���������������������/8�+39'/1+*�(>�'�(4=�)43897'/39�43������<./).�*+5+3*8�43�9.+�
*/2+38/43'1/9>�4,�9.+�,+'9:7+8�9.74:-.��

<latexit sha1_base64="/lbcteLnbGvV+THFgGmvVwC1yJ0="></latexit>

✓ 2 Bd(⇢)
<latexit sha1_base64="ntKbJID6Z+0L3oR/WeEzm02LX5g="></latexit>

✓
<latexit sha1_base64="/8x92yw1UzP/I8kUyR8eDgxCq7Y="></latexit>

|J (✓)|.



Theorem

���������
�⇡
�
binarsity(✓)⇥ log(d)

�
/n

<latexit sha1_base64="PgNjmYGA16a3EMGs4Yj3WJI4qgc="></latexit>
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�
���������
�
�������
���� ����	� �
<latexit sha1_base64="RYvUAJ3mIi2UC6Y2HddpMQOrpa4="></latexit>

1� 2e�A
<latexit sha1_base64="nc3OzJwtNfGAs47Cy0wtjsgy9NU="></latexit>

⇠ = cst(Cn, ⇢, Ln, Un)

���
������
�
����
������
��

�
<latexit sha1_base64="UPiEx+mJLwhK2rS8THLLtyDPaDg="></latexit>

|J(✓)| max
j=1,...,p

k(!̂j,•)Jj(✓)k
2
1  2Un�

|J(✓)|(A+ log d)

n
.

�� ����

�
��������
�������	
�����
��

���
��� ���	������
��
<latexit sha1_base64="HW1j07akC4lbzDT6tOWEHFeEvao="></latexit>

✓̂
<latexit sha1_base64="OjAp2KSX3eRHiqiEzEv+KlHoxhA="></latexit>

R(m✓)�R(m0)

<latexit sha1_base64="KUw899xh3n66GChIpnpj8Crych0="></latexit>

R(m̂)�R(m0)  inf
✓2Bd(⇢)

8j 1>✓j,•=0
|J(✓)|J?

⇢
3(R(m✓)�R(m0))

+
⇠|J(✓)|
2(J(✓))

max
j=1,...,p

k(!̂j,•)Jj(✓)k
2
1

�
,

<latexit sha1_base64="pDFgIJkOosx9n5Ta7sPG6coLqxQ="></latexit>

|J(✓)|.



Implementations
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Optimization problem
Need to optimize

Rn(✓) + bina(✓)

<latexit sha1_base64="Q78Hb2rZ201iVbYhucN6e5+mU0I="></latexit>

Smooth (Gradient Lipschitz) Non-differentiable

�/789�47*+7�459/2/?'9/43���74=/2'1��7'*/+39��+8)+39���').�+9�'1���
�	
�

✓(t+1)  prox⌘ bina(·)
�
✓(t) � ⌘rRn(✓

(t))
�

<latexit sha1_base64="sbI6Pa2nQ4w9976geYmWx5XYdGo="></latexit>

prox�g(y) = argmin
✓2Rn

n1

2
ky � ✓k22 + �g(✓)

o
, for all y 2 Rn.

<latexit sha1_base64="JV1mS37yDOk6NfDmnvay98qJiRQ="></latexit>

learning rateproximal operator

29



Proximal Operator of Binarsity
Binarsity is separable by blocks, then for all j=1, …, p,�
proxbina(✓)

�
j,• = prox(k·kTV,!̂j,•+�j

)(✓j,•)

<latexit sha1_base64="mV9LtSVQb8cl5UQcxy/C27qVPzM="></latexit>

The following algorithm expresses                   proxbina

<latexit sha1_base64="2M/IBhoiuEYgeePvWMj/ISJJ7uw="></latexit>

30

Algorithm 1:

Input: vector ✓ 2 Rd, weights !̂j,k and nj,k for j = 1, . . . , p and
k = 1, . . . , dj

Output: vector ⌘ = proxbina(✓)
for j = 1 to p do

�j,•  proxk✓j,•kTV,!̂j,•
(✓j,•) (weighted TV penalization in block

✓j,•)

⌘j,•  �j,• � nj>�j,•
knjk22

nj (project onto span(nj)?
�

Return: ⌘

<latexit sha1_base64="qaah2ALenkI/s4zcII2aQ1/CeAo="></latexit>



Proximal Operator of Weighted TV
✓̂ = proxk·kTV,!̂

(y) = argmin
✓2Rn

n1

2
ky � ✓k22 + k✓kTV,!̂

o

<latexit sha1_base64="dESrlBri564T0LPHkcqURf6PHrM="></latexit>

31

Algorithm 1: ✓̂ = proxk·kTV,!̂
(y) [Alaya et al.’15]

1. set k = k0 = k� = k+  1; ✓min  y1 � !̂2; ✓max  y1 + !̂2;umin  !̂2; umax  �!̂2;

2. if k = n then
✓̂n  ✓min + umin;

3. if yk+1 + umin < ✓min � !̂k+2 then /* negative jump */

✓̂k0
= · · · = ✓̂k�  ✓min; k = k0 = k� = k+  k� + 1;

✓min  yk � !̂k+1 + !̂k; ✓max  yk + !̂k+1 + !̂k; umin  !̂k+1; umax  �!̂k+1;

4. else if yk+1 + umax > ✓max + !̂k+2 then /* positive jump */

✓̂k0
= . . . = ✓̂k+

 ✓max; k = k0 = k� = k+  k+ + 1;

✓min  yk � !̂k+1 � !̂k; ✓max  yk + !̂k+1 � !̂k; umin  !̂k+1; umax  �!̂k+1;

5. else /* no jump */
set k  k + 1; umin  yk + !̂k+1 � ✓min; umax  yk � !̂k+1 � ✓max;

if umin � !̂k+1 then

✓min  ✓min +
umin�!̂k+1

k�k0+1 ; umin  !̂k+1; k�  k;

if umax  �!̂k+1 then

✓max  ✓max +
umax+!̂k+1

k�k0+1 ; umax  �!̂k+1; k+  k;

6. if k < n then
go to 3.;

7. if umin < 0 then
✓̂k0

= · · · = ✓̂k�  ✓min; k = k0 = k�  k� + 1; ✓min  yk � !̂k+1 + !̂k;

umin  !̂k+1; umax  yk + !̂k � vmax; go to 2.;

8. else if umax > 0 then
✓̂k0

= · · · = ✓̂k+
 ✓max; k = k0 = k+  k+ + 1; ✓max  yk + !̂k+1 � !̂k;

umax  �!̂k+1; umin  yk � !̂k � umin; go to 2.;

9. else
✓̂k0

= · · · = ✓̂n  ✓min +
umin

k�k0+1 ;

<latexit sha1_base64="z3seR0r23Ob+UL/aiUBX6FTCZYw="></latexit>

2.                   
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Numerical Experiments



Binary Classification

Dataset #Samples #Features

Ionosphere 351 34

Churn 3333 21

Default of Credit card 30000 24

Adult 32561 14

Bank Marketing 45211 17

Covertype 550088 10

SUSY 5000000 18

HEPMASS 10500000 28

HIGGS 11000000 24

33Source: UCI Machine Learning Repository

%+�)438/*+7�9.+�,4114</3-�*'9'8+98�,47�(/3'7>�)1'88/,/)'9/43�



Baselines 

Method Description

Lasso Logistic regression with   
penalization

Group Lasso Logistic regression with group  
penalization

Group TV Logistic regression with Group Total-
Variation penalization

SVM Support Vector Machine with 
Gaussian kernel

GAM Generalized Additive Model

RF Random Forest

GB Gradient Boosting

`1

<latexit sha1_base64="/TuOxcogIAbDwK2J4pX9e6g8IaY="></latexit>

`1

<latexit sha1_base64="/TuOxcogIAbDwK2J4pX9e6g8IaY="></latexit>
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%+�)425'7+�4:7�574)+*:7+�94�9.+�,4114</3-�('8+81/3+8



0.0 0.2 0.4 0.6 0.8 1.0
0.0

0.2

0.4

0.6

0.8

1.0

Ionosphere

Binarsity (0.976)
Group L1 (0.970)
Group TV (0.972)
Lasso (0.904)
SVM (0.975)
RF (0.980)
GB (0.974)
GAM (0.952)

0.0 0.2 0.4 0.6 0.8 1.0
0.0

0.2

0.4

0.6

0.8

1.0

Churn

Binarsity (0.734)
Group L1 (0.734)
Group TV (0.730)
Lasso (0.658)
SVM (0.753)
RF (0.760)
GB (0.749)
GAM (0.710)

0.0 0.2 0.4 0.6 0.8 1.0
0.0

0.2

0.4

0.6

0.8

1.0

Adult

Binarsity (0.817)
Group L1 (0.807)
Group TV (0.810)
Lasso (0.782)
SVM (0.810)
RF (0.830)
GB (0.840)
GAM (0.815)

0.0 0.2 0.4 0.6 0.8 1.0
0.0

0.2

0.4

0.6

0.8

1.0

HIGGS

Binarsity (0.768)
Group L1 (0.752)
Group TV (0.765)
Lasso (0.679)
RF (0.811)
GB (0.814)
GAM (0.763)

0.0 0.2 0.4 0.6 0.8 1.0
0.0

0.2

0.4

0.6

0.8

1.0

HEPMASS

Binarsity (0.963)
Group L1 (0.961)
Group TV (0.962)
Lasso (0.959)
RF (0.965)
GB (0.967)
GAM (0.963)

0.0 0.2 0.4 0.6 0.8 1.0
0.0

0.2

0.4

0.6

0.8

1.0

SUSY

Binarsity (0.855)
Group L1 (0.847)
Group TV (0.854)
Lasso (0.843)
RF (0.858)
GB (0.861)
GAM (0.856)

0.0 0.2 0.4 0.6 0.8 1.0
0.0

0.2

0.4

0.6

0.8

1.0

Covtype

Binarsity (0.822)
Group L1 (0.820)
Group TV (0.821)
Lasso (0.663)
RF (0.863)
GB (0.881)
GAM (0.821)

0.0 0.2 0.4 0.6 0.8 1.0
0.0

0.2

0.4

0.6

0.8

1.0

Bank marketing

Binarsity (0.873)
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Binarization cuts number
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Thank you!


