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Supervised Learning: Setting

Supervised training dataset with features N and labels
D, = {(z;,y;) :1=1,...,n} T = [xi1,...,%ip] €RP  y; €Y CR

Features matrix
n X
X = |z jli<i<ni<j<p € R™Y

Several ,,
i continuous features |

A well know-trick:

One-Hot Encoding

T — T —

(Lieu et al., ‘02);
4 Wu and Coggeshall, ’12)
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One-Hot Encoding:

Features Binarization
B —




Features Binarization: Setup

Binarization Setup:
The j-th column X, ;is replaced by a number d; > 2
of binary columns (containing only zeros and ones)

X Xeja,
Partition of the range of values of X, ;
el into intervals Lj1,...,1jq;and put
Xe;
B o 1, ].f ‘/I;Z,] - Ij)k,
Ligk — .
0, otherwise
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Features Binarization: Setup

If X, ; takes values (modalities) in the set{1, ..., M;} with cardinalityM; , we take
d; = M; and use one-hot coding of each modality by defining:

B : if :ci,j — ]f,

1
a’/’. . k p— .
) 0, otherwise

X Gt X B

villl

> € >

v671:4><d2:6 d3 = 6 <d4:9 ds = 10

Binarized Features Matrix

I — B
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Features Binarization: Inter-quantile Partition

Intervals
The j-th of the binarized matrix X ¥ reads as

B B B B B B B T d
Ty =T 1 T g Tinds > Tiodyre s Tipls--- 7$i,p,dp] c R
BT e T T T T T T e T HEN EEEEEE

1000 1000000010000000100000100000

where

Choice of the | 3,k Intervals? * Natural Choice: Inter-quantile intervals

i & k—1 k -
Lj1 = _Qj(o)qu(d_j)_ and L) = (Qj( d; )7qj(d_j)'

fork =2,..., dj, and where qj(Oz) denotes a quantile of order o € [0,1] for X, ;
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Features Binarization: Example

import numpy as np
import pandas as pd

pd.option_context('display.max rows', None,
‘display.max columns', None)

import prettytable
import seaborn as sns
# tick

from tick.preprocessing import FeaturesBinarizer

# Origin matrix

tick
ML Python Package

(Bacry et al., 2018)

features = np.array([[0.00902084, 0.46519565, 'z'],
[0.46599565, 3.46523565, 2.],
[0.82091721, -1.2650095, 2.],
[-0.17315496, 7.86545565, 1.],
[4.08180209, 6.26569565, 0.],
[1.6011727, 0.36548565, 0.],
[2.7347947, 1.46500565, 20.],
[-5.9890938, 4.55529565, 0.],
[6.3063761, 2.22548565, 1.],
[9.27110903, -3.46514565, 0.]])

df = pd.DataFrame(data=features)

# Binarization preprocessing with $d_j=4$

# for continuous features

binarizer = FeaturesBinarizer(n_cuts=3)

binarized features = binarizer.fit transform(features)

# binarized matrix X"B
X_bin = binarized_ features.toarray()
# print(X bin.shape) # (10, 13)

columns _bin =
["$X"B_{.11}$",
"$X"B_{.21}s%",
"$X*B_{.31}s$",
"$X"B_{.35}$"]

"$X"B_{.12}s%",
"$X"B_{.22}s%",
"$X"B_{.32}s8",

"$X"B_{.13}s",
"$X"B_{.23}s",
"$X"B_{.33}s8",

"$X*B_{.14}$",
"$X"B_{.24}$",
"$X"B {.34}$",

df bin = pd.DataFrame(data=X_bin, columns=columns_bin)
pd.options.display.float_format = '{:,.0f}'.format

# plot

cm = sns.light palette("purple”, as_cmap=True)

(df_bin.style
.background_gradient(cmap=cm)
# .highlight max(subset=[ 'total amt usd diff',6 'total amt usd pct diff'])
.set_caption('${\gquad \gquad \gquad \Huge{Binarized Features Matrix}}$')
.format({'total_amt usd pct diff': "{:.2%}"}))

Binarized Features M atrix

B B B B B B B B B B B B B
X.ll X.12 X.13 X.l4 X.21 X.22 X.23 X.24 X.31 X.32 X.33 X.34 X.35

o [l

0 0 0 0 0 0 0 0 0

o O O O O o o
o O O O o o o o o

o O O
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Features Binarization: VWeights

Weights of one-hot encoded features
To each binarized feature X ? ik corresponds a parameter 6’]—, Lo

The parameters associated to the binarization of the j-th feature is denoted

Ojo = (051 -+ 0a,]

b
The full parameters vector of size d = Z d:, is simply

g=1

}TeRd

H — [9171 o O1g, 021 - Oy o Op1 - Oy

y RN
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Features Binarization: Weights

Linear regression on raw features

A

y o

yi=w'zi+b=> wjzij+b
j=1

Impact of the j-thfeature is linear and
encoded by a single weight ( ]

LEHW]'CE

Linear regression on binarized features

L

A
0.k

Y

d; d;

Q.
Q.

p p
Z ijkxi’j,k + b= Z

J=1 k=1 j=1 k=1

Impact of thej-th feature is piecewise
constant and encoded by a block

Oj0 = 1051, Oja;]"
J

= Z(gj,k]l(llj = Ij,k)
k=l
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Features Binarization: Issues

(P1) Colinear binary features
One;hot-encodings satisfy
J

foik =1, forally=1,...,p
k=1

L

(P2) Overparametrization
Increasing the number of bins dj

(P3) Feature selection
Some of the raw features <X e, might be
not relevant for the prediction task!

0,1=0,...,0,4 =0



Features Binarization: Solutions

To deal with (P1), we impose a linear constraint in each block (Agresti, 2015)
J

(S1) ané’j,. = an,kﬁj,k =Q0tforallj=1,...,p
k=1
ng; = [njjl, ce ,nj,dj]—r - Ndj where Tl L — ‘{Z - Ly g - Ij,k}‘

To tackle (P2), we keep the number of different values taken by 9]'7.
to minimal level by using a within block weighted total-variation penalization

p d;
2 > N0ellrve,. =) @k
j=1 k=2

Ok — 051

(S1) + (S2) solve (P3)

— B —
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Binarsity

M“’Q

sibl03s — Oy sl + (03]

bina(6 zp: (

1=1 k=2
n]Tu = 0,
where
otherwise
d
logd . Hz:l n:x EUf_Ik/H
and uu]k—O 5 T k with 7., — 7 ’ i W=k
n ? ]7k n

~ Proportion of 1’s in the sub-matrix
T I{i obtained by deleting the first k columns
J N the] -th binarized block matrix

14



Binarsity: Interpretation
dj/\ ‘gj,k and ej,k—l to be close

Penalization Z 1 Sparsity

Penalization Binarsiy/\ Piecewise constant (); ,

|f (93'7. IS constant than the linear constraint anGj,. = (0 entails 9]-7. =0

/ Statistically relevant if (9]". ‘;’L 0 -
.XQ,j \
Statistically not relevant if 0;e¢ = 0

15
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Illustrations
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Weights of a logistic Regression
on Churn Dataset (UCI) N = 3333,p = 14

Binarized features

No-penalization
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Binarized features

Low binarsity
penalization

T —— S—

Binarized features

Strong binarsity
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Decision Boundaries of a Logistic Regression
Toy datasets with 71 = 1000,p — 2 and dl — dg = 100

Binarized features

LIl

MEE

Dataset Raw features Binarsity

= .I i H il iis 886 &5
1 e i ' @ ¢ >
| H i e |
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Theoretical Guarantees

(GLM + Binarsity)
B —




Generalized Linear Models

mo L) — mO L
P(y|z) = exp (y @) ¢b( () | C(y,cb)>

The functions b() and C() and the dispersion parameter @ are known.

The natural parameter m"(-) is unknown with

—1

' (x) = g(Elylz]), where o' = g

Examples:
Logistic and probit regression for binary data or multinomial regression for categorical
data, Poisson regression for count data, etc ...

20



GLM: Goodness-of-fit

Empirical risk

1 (4
= ng(yz‘,me(%‘)) o (Qf) — HTQZ'B
k} GLM loss function f(y, y/) — _?/y/ -+ b(y/)

We estimate mO by m m é

f e argmin {R
feRA

+ bina(f) }




Assumptions on GLM

A1l. b() IS three times continuously

A2. |b"(2)| < Cp|b"(z)]for some Cp >0
A3. C, = max;—1. ., |m"(z;)] < oo

A4. L, <max— 0" (m"(z;)) < Uy,

- Satisfied for the following standard GLM :

Logistic




Orcale inequality

Non asymptotic oracle inequality in terms of Excess risk:
A — A
R(m) — R(mo) = Epyz) [Rn(m) — Ry(mo)]

 How close is 1 to the expected minimal risk?

» Measured by the excess risk R(m) — R(mo)

« For T fixed prove some thing like

R() — R(mo) < mf {R() — R(mo) - complexity(@)}

T
» Lasso (Bickel, Ritov, Tsybakov '09): Complexity(e) = 8(9) log p

where s(0) = sparsity(8) = |{j=1,...,p:0; # 0}

23



Binarsity: new measure of sparsity

For § € R% let J(0) = |J1(0), ..., Jp(0)] be the concatenation of the support
sets relative to the total-variation penalization, that is

J](g) — {k . Hj,k # Hj,k—la for kK = 2, .. .,dj}.

P
binarsity(6 0)| —Z\J )| :Z\{kzﬁj,k#ﬁj,k_l, fork:2,...,dj}
=1

counts the number of non—equal consecutive values of
« If @ is block-sparse T(0)] < pwhere |J(0)={j=1,...,p:0j¢F#0g,}

en 0) < v
th J(0)] < |T( )\jmﬁé)U( )|

which means that |J (6’) | is controlled by the block-sparsity |j (6’) |

24



Restricted Eigenvalues Assumption

-Let K = |K1,..., Kp|bea concatenation of index sets and define

XB
(K € > | X P ul2
ue€brv.o(K)\{04} | v1lluK]2

with

Grva(K) = {ue R T Nuga) v, < 250 Nus v,

where (uK)k = ui it £ € K and (uK)k =01t k Q K.

» The CKTV,&; (K ) is a cone composed by all vectors with a support “close” to K.

Assumption: We have x(K) > 0 for any K such that |K| =1, [K;| < J*.

25



Theorem

 Define \/QUn¢(A +logd) .

Mgk

for some constant A > () and consider

f € argmin {R(mg) + bina(0) }
0cBq(p)

Ba(p) = {0 € RY: S0 [0l < o},

« A standard constraint in literature for the proof of oracle inequalities for sparse GLMs
(Van de Geer '08), (lvanoff et al. '16).

where

* Note that
maXiZl,...,n |<ZCZB7 (9> S ?Zl He]?'

oo < [T ()] < [|6]] o

. So 0 € Bd(p) IS entailed by a box constraint on 0 - which depends on the
dimensionality of the features through | 7 (6)].

20



Theorem
R(m) — R(m") < inf < 3(R(my) — R(m"))

QEBd(p) \
Vi 110, 4=0
| J(0)|< T~
- &[J(0)] . >
- k2(J(0)) jg?-}ip‘|(w]’.)Jj(8)|‘OO/ '

with probability at least 1 — 26_A and f — CSt(Cna P, an Un).

« The complexity term satisfies

A+ logd
J0)] max [|(@g) 0% < 20,0 AT l0gd)
J=1,....,p J n

. 0 achieves an optimal tradeoff between bias R(mﬁ) — R(mo) and sparsity| J (‘9 ) ‘




Implementations
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Optimization problem

R, (0) + bina(6)

Smooth (Gradient Lipschitz)

First order optimization: Proximal Gradient Descent (Bach et al., 2012)

pUHL) PLOX, bina(-) (H(t) — nVRn(é’(t)))

proximal operator learning rate

| ——

1
prox,,(y) = argmin {§||y — 0|5 + )\g(é’)}, for all y € R".
gecR™

29



Proximal Operator of Binarsity

Binarsity is separable by blocks, then for all j=1, ..., p,
(Proxpina (9)) ;4 = PrOX(ry o, 45, (0ie)

The following algorithm expresses PTOXyina

Algorithm 1:

Input: vector 8 € R?, weights wjr and n; for 7 =1,...,p and
k=1,...,d;
Output: vector n = proxy,;,,(6)
for =1 to p do
Bie PTOX|jg, v . (056) (weighted TV penalization in block
Oje)
T)j.e < 5]',0 —

R_eturn: N

30



Proximal Operator of Weighted TV

v.o(y) = argmin —Hy 0113 + 101l Tv,2
E n

0 = ProX||. | () [Alaya et al."15)]

[y

set k = kg =k_ =kt < 1; Opin < Y1 — @25 Omax < Y1 + @2} Umin ¢ @25 Umax  —W2;
2. if Kk =n then

I_ é < Qmin + Umin>

3. if Yk+1 + Umin < Omin — W42 then /* negative jump */
9k02° :0_(—Qmin;k:kjozk_:k+<—k_—|—1;
| Omin < Yk — wk—l—l + Wi 5 Omax < Y + ‘Dk:—i—l + Wk Umin wk—l—l? Umax < _wk—|—15
4. else if yp 11 + Umax > Omax + W42 then /* positive jump */
QkO:...:9k+%Qmax;k:kozk}_:k+<—k++1;

Omin < Yk — ajk—l—l — Wi Omax < Yg + "Dkz—l—l — Wk Umin a’k—l—l? Umax < _@k:—l—l§

5. else /* no Jmnp */
set k<~ k+1; Umin < Yk + Wr4+1 — Omini Umax < Y — W41 — Omax;
if Umin Z (I)k;_|_1 then

Umin ~@Pk+1 N
Omin < Omin + k:—k:o—l—1+ 3 Umin < WE415 k_ < k;

Umax‘HDk 1 .

6. if Kk < n then

| go to 3.;
7. if Umin < O then
QkOI- —Qk. <— Omin; k=ko =k_ < k_ + 1; Omin%yk_wk—{—l_{—wk;

Umin ¢ Wk+1; Umax $ Yk T Wk — Umax; 80 to 2

8. else if uypax > 0 then

QkO = - —Qk'_|_ %Qmax,k—ko—k_i_(—k_'_%-l Qmax<—yk+wk+1—wk,
Umax < _wk—|—1, Umin < Yk — Wg — Umin; 80 to 2.;

Umin

Qko—"'zén<—9min+m;

31



Numerical Experiments
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Binary Classification

We consider the following datasets for binary classification:

Dataset #Samples

10500000 28

11000000 24

o
550088 10
5000000 18
s
aces

Source: UCI Machine Learning Repositogy



Baselines

We compare our procedure to the following baseslines
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Computing Time Comparisons

’_5

c

o

O

a

¥ B Binarsity

E 1 GAM

-

o0 T GB

= B Group L1

g— B Group TV

8 B Lasso
B RF
B SVM

 Binarsity is between 2 and 5 times slower than Lasso but more than 100 times
faster than RF and GB on larges datasets like HIGGS.

 For similar performances.
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Binarization cuts number

« About the number of bins used in one-hit encoding.

» We can use 50, 100, 200 bins (depending on the number of samples 7).

Default of credit card

0.80 1
0.711
O 0.784 O
D D 0.70
<C <C
0.76 1 0.69 1
0.741 /"~ S 068 —— S
3 5) 10 50 100 150 300 3 H 10 50 100 150 300
d; d;
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Conclusion

* \We introduced the binarsity penalization for one-hot
encodings of continuous features

* We illustrated the good statistical properties of binarsity
for generalized linear models by proving non-asymptotic
oracle inequalities.

* \We conducted extensive comparisons of binarsity with
state-of-the-art algorithms for binary classification on
several standard datasets.
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