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... in Image Processing

® How to measure the similarity between two images?
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... in Neuroscience

® How to compare two brain activation maps!

Source: Hu et al, 2008, Proceedings of the National Academy of Sciences



... in Classification: CheXpert data

Pneumonia Pneumothorax

A

Pleural Effusion Lung Lesion Consolidation Atelectasis

—

l

Source: https://stanfordmlgroup.github.io/competitions/chexpert/

PN

Pleural Other Fracture Support Devices Enlarged
Cardiomediastinum




... in Anomaly detection: BraT$S data

Source: https://www.med.upenn.edu/cbica/brats2020/registration.html



... in Genomics (I)

® Understanding dynamics at individual cell level.




in Genomics (ll)
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Source: Gene expression profiling predicts clinical outcome of breast cancer. Nature 2002



2. Machine Learning:
Predictive Modeling



Training Set

%ture Space y_abe Space
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Learning Task

® [ he learning task consists of assuming that the labels have been calculated
using a function.

® ind a hypothesis that better approximates the target function.
Build a predictor model, classifier;, or regression function.



Learning Task: loss function

e A cost function, also known as a loss function, is a function
/)Y x)VY—->R
- +

used to quantify prediction quality

((y, h(Z))
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Real Risk

* Risk is defined as the expectation of a cost
function (or expectation of prediction error), i.e.,

* Risk minimization is impossible in practice because
the joint law | of observations is unknown.

e |dea: replace the theoretical probability measure
with the empirical probability measure



Empirical Risk Minimisation

« Empirical risk assesses the cumulative effect of
errors

* Predictor by empirical risk minimization:
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3. Optimal Transport



OTis ...

A method for comparing probability distributions with the abllity to
incorporate spatial information.

G. Monge L. Kantorovich T. Koopmans G. Dantzig Y. Brenier F. Otto R.McCann
(1746 - 1818) (1912-1986)  (1910-1985) (1914 - 2005)
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C.Villani A. Figalli
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Origin: Monge Problem (1781)

MEMOIRE

JUR L A

THEORIE DES DEBLAIS
EFET DES REMBLAIL

e ———
Pr M. M o N G E

LORSQU'ON doit teanfporter des terres d’un lieu dans un
autre, on a coutume de donner le nom de Déblai au
volume des terres que I'on doit tranfporter, & le nom de
Remblui 3 Vefpace qu'elles doivent occuper apres le tranfport.

Le prix du tranfport d'une molécule étant, toutes choles
d'ailleurs égales, progortionnel 2 fon poids & i l'efpace®uon
Jui fait parcourir, & par conféquent fe prix du tranfport total
devant éwe proportionnel 3 la fomme des produits des molé-
cules multipliées chacune par I'elpace parcouru , il senlust
que le déblii & le remblai ¢tant donnés de figure & de
pofition, il n'eflt pas indifférent que telle molécule du déblai
foit tranfportée dans tel ou tel auwre endroit du remblai,
mais qu'il y a une certaine diftribution i faire des molécules
du premier dans le fecond, d'apres laquelle la fommc de ces
produits fera la moindre poflible, & le prix du traniport total
fera un minimunt,

22



Monge Problem (1781)

“ Déblai

Remblai

® How to move dirt from one place (déblai) to another (remblai) while
minimizing the effort!

® Find a mapping = between the two distributions of mass ( ).

® Optimize with respect to a displacement cost ( ).

px



Monge Problem (1781)

® The mapping -/ must the “déblai” measure towards the “remblai”.

24



Monge Problem (1781)

® Monge formulation aim at finding a mapping © such that:
inf C(x,  (x))p(x)dx
1=

® Mapping ' does not exist in the general case.

® Brenier, 1991 proved existence and unicity of the Monge map for Euclidean
cost and distributions with densities.

25



Discrete OT Framework

Cost Matrix

26



Discrete OT Framework:
Monge’s Formula

27



Discrete OT Framework:
Monge’s Formula

Nnon-convex

combinatorial

non-existant

Uniform weights

Hélin Z ( (2132', (z)))

i=
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Discrete OT Framework:
Kantorovich’s Formula

® ocus on where the mass goes, allow splitting.
® Applications mainly for resource allocation problems.

Relaxed: Fractional Assisgnments

Leonid Kantorovich Probabilistic couplings set (Transport Polytope)

(1912-1986)
nxXm T .
(M? ):{ ER+ , Ul = W, 1, =

N o/
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Discrete OT Framework:
Kantorovich’s Formula

® Computing OT between prand ;> amounts to solving a linear problem:

Kantorovich 1942

S(p,7) = min ){<(, )= Y CyPy}

SR i=1 j=1

Monge-Kantorovich /

Wasserstein Distance

30



C °
o|r<\t|nuous OT Framework:
antorovich’s Formula
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Continuous OT Framework:

Wasserstein Distance

Wy, ) = min DP(x,y) (z,y)dzdy = Eg 4y [D"(z,y)
cllcon(p,v) JRr xR™

i w c
‘Transport

With Applications
to Data Science

ey
]

CEDRIC VILLANI

Gabriel Peyré and Marco Cuturi
OPTIMAL TRANSPORT

OLD AND NEW

o

. ' T N

Calculus of Variations, PDEs, and
Modeling

@ Springer




Continuous OT Framework:
Wasserstein Distance,

1D Wasserstein-1 as [ |F), — F,|dx Surface between distributions via CDFs

— F,
F,
|F,— F,| (area = W)

(.00
X \

Bures Distance

1

2
W3 (.
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Benefit of Wasserstein Distance

dx=0.0 | L1:FLAT! | L2:+0.00 | W1:+0.00 [J WASSERSTEIN DETECTS TRANSLATION!

e Fixed Gaussian mmmm | ] (SATURATES!)
Moving Gaussian mmmm |2 (Explodes)
mmmm \Wasserstein (LINEAR)

Distance
N
L

15 20 25
Translation Distance

dx=0.0 | L1:+0.00 | L2:+0.00 | W1:+0.00 [J ONLY WASSERSTEIN DETECTS MOTION!

= | ] (SATURATES!)
|2 (QUADRATIC)
mmmm \Wasserstein (LINEAR)

Distance
N
L

1.5 2.0 2.5
Translation




Benefit of Wasserstein Distance

Distributions (Source vs Moving Target)

Source
Target

— W1 — 1 (TV)
W272 = |2 .
s vs Displacement

displacement = 0.00
W1l = 0.0000
W272 = 0.0000

L1 = 0.0000

L2 = 0.0000

T T

4 6
displacement




Computational Issues for
Kantorovich’s Formulz

¢

(14, 77) is the Birkhoff polytope

*

® No unigue solution In some cases, numerical instabilities.
® | inear programming problem that requires generally
arithmetic operations.

36



Regularized Discrete OT Framework:
Sinkhorn Divergence

® Entropic regularization of OT distances relies on the addition of a penalty terr

as follows: Regularisation parameter

min {( C,
SN

Negative entropy

Conference NeurlPS, 2013

Sinkhorn Distances:
Lightspeed Computation of Optimal Transport

Marco Cuturi
Graduate School of Informatics, Kyoto University
mcuturi@i.kyoto-u.ac.jp

Marco Cuturi



Regularized Discrete OT Framework:
Dual Of 877(“’7 )

Sy, ) {U(u,v) := 1, B(u, )1y — (u, p) — (v,v)}

— min
77 ? UERTL, ERm n

Walsias — ( /"
B(u,v) := diag(e") K diag(e") ¢

® The primal optimal solution ' takes the form:
° * °
1 * = diag(e" ) K diag(e

wih (W™, v™) = argmin {¥(u,v)}
ucR™ velR™

B s Kernel

*

)

Dual Optimal Variables

38



Regularized Discrete OT Framework:
Sinkhorn Algorithm

® /""can be solved efficiently by Sinkhorn iterations (near- O(n?) complexity

(Altschuler et al., 2017))

SINKHORN( C, p, V) [ NEa e\ axsescn

a9 1, /n, b0 « 1, /m:

2 K e ¢ /.
3.For K=1,2,3,...

a®) - po K1Y,

b Lo I Ta(k_l); (Flamary et al. 2017)

ot sinkhorn

i Return dlag(a(k)) I dlag( (k)) P_star = sinkhorn(mu, nu, C, eta)

39




Sparsity of Transport

Sparsity vs Regularization Cost vs Regularization

Sparsity (% non-zero)
Transport Cost

103 1072 103 1072
Regularization € Regularization €

Transport Plan (e=1e-04) Transport Plan (e=1e-03) Transport Plan (e=1e-02)
Sparsity=4% Sparsity=17% Sparsity=50%




4. How can it be used in data
science!



History of OT for machine learning

Occurences of OT+ML in Google Scholar

WGAN : Arjovski et al.
Sinkhorn : Cuturi

EMD : Rubner et al.

1990 1995 2000 2005 2010 2015

[R. Flamary, 2019 (HDR)]

® Recently introduced to ML (well know in image processing since 2000).
® Computational OT allows numerous applications (regularization).
® Deep learning boost (numerical optimisation and GAN).

42



Matching words embeddings

Document | » b eaks Document 2
Obama Obama 7 The
speaks X I President

- reets
tthoe President Press  oreets 8 A
media Chicago ‘/ press
N f , IN
lllinois lllinois tia ] Chicago

Word Mover’s Distance avec VWord2vec embeddings
[Kusner et al, 2015 (ICML)]

® \\ords are embedded In a high-dimensional space with deep neural
networks.
® Matching two documents in an OT problem, with the Euclidean distance in

the embedded space.
43



Wasserstein loss for generative modelling

WGAN (Wasserstein GAN)

WGAN Training Progress: Epoch 0

Generative modelling as a matching distribution problem
® | earn a model that maps random vector to target space.

® Distribution of the model Is targeted to be similar to the learning samples.
® Similarity as Wasserstein sense [Arjovsky et al. 201/, Deshpande et al. 2018,
Nguyen et al. 2020).

@finwg 1f (Zi)}filv {mj}g[';

{Zi} some random vectors, {mj} some samples from the target distribution.

44



Unsupervised Domain Adaptation

ﬂ eature extraction ﬂ
source domain ‘ ‘ target domain

Py

Probability Distribution Functions over the domains

® [raditional machine learning hypothesis:

® \/Ve have access to training data. Probabllity distribution of the training
set and the testing are the same.

® \/Ve want to learn a classifier that generalizes to new data.

(Credit image: N. Courty)

45



Unsupervised Domain Adaptation

® Domain adaptation: classification problem with data coming from different
sources (domains).

® [ abels only avallable in the source domain, and classification is conducted
In the target domain.

® (lassifier trained on the source domain data performs badly in the target
domain.
(Credit image: N. Courty) 46



OTDA: Optimal Transport Domain
Adaptation

® [here exist a transport | In the feature space between the two domains.

® [he transport preserves the conditional distributions:

Psly|zs] = Pily| T (xs)]

3-step strategy

| Estimate optimal transport between distributions.

2. Transport the training samples onto the target distribution using barycentric
mapping (Ferradans et al., 201 3)

3. Learn a classifier on the transported training samples.

(Source image: Courty et al,, 2017) 47



5. Screened Dual of
Sinkhorn Divergence

Screening Sinkhorn Algorithm for Regularized
Optimal Transport

Mokhtar Z. Alaya Maxime Bérar
LITIS EA4108 LITIS EA4108
University of Rouen Normandy University of Rouen Normandy
mokhtarzahdi.alaya@gmail.com maxime.berar@univ-rouen.fr

Gilles Gasso Alain Rakotomamonjy
LITIS EA4108 LITIS EA4108 3
INSA, University of Rouen Normandy University of Rouen Normandy /- %
gilles.gasso@insa-rouen.fr and Criteo Al Lab, Criteo Paris /%
alain.rakoto@insa-rouen.frf;;

33rd Conference on Neural Information Processing Systems (NeurIPS 2019), Vancouver, Canada.
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Screened Dual of Sinkhorn Divergence:
Motivations

® Ol plan presents a large number of neglectable values (Blondel et al., 201 8)

® Static screening test In Lasso (Ghaoul et al., 2010)

® \We define the convexset C, = {w € R" : " > a}, for a > 0

® |dentify these indices and fixed at the thresholds before solving the problem.
=l Reduce the scale of the optimization procedure.

49



Static Screening Test:
Approximate Dual of S,(u,»)

® Based on this idea, we define a so-called approximate dual of Sinkhorn
divergence.

Approximate dual of Sinkhorn divergence

S pu,v) = min  {¥ (u,v):=1,B(u, )Ly, — ( u,p) — (—, )}

® [hisis asimply dual Sinkhorn with lower-bounded variables, where the
bounds are

Ol = zlgle o, =

where > (0 and > (0  being fixed numeric constants

50



Static Screening Test: Definition

®  -parameter plays a role of scaling factor

u

=l ClOsed order of the potential components € and e

e \Without = the components e and e can have inversely related scale:

- ¢ being too large and e being too small

® [he static screening test aims at locating two subsets of indices

(I,.))eA{l,...,n} x{1,...,m}

T(I,))

{e'“’??>ozu and €7 > «,,,V(i,5) € I X J,

e’ = q,, and €7 = a,, (7, j') € I® x JC.
5|

(w,v) € C, xCg



Static Screenlng Test: T( )

le and ZI”

-th row sum of F j-th row sum of I

—  and €7 = forallielﬂj and 7 &

£,K

® [he parameters and ' are difficult to interpret, we exhibit their relations
with a fixed number budget of points from the supports of 4 and

52



Screening with a Fixed Number
Budget of Points

® We denoteby np € {1,...,n} and mp € {1,...,m}

the number of points that are going to be optimized In Sgd(u, ).

o et = € R" and € R™ to be the ordered decreasing
vectorsof p@r( K) and v @c( K)

® [o keep only Mnyp-budget and Mmyp-budget of points, the parameters

= Lmy and = Lp,

Then

= ()

1/4 nd my

® [his guarantees

‘I,‘:nb and | ,|:mb

X



Screening with a Fixed Number
Budget of Points

e If (u”,v") solution of Sf;d(u, ) satisfies T (Lck, Jer) with
Oy — and (Y, =
® \We can restrict the variables in Sg’d(u, ) to variables in 1 . and

® This boils down to restricting the constraints feasibility C" NC™ to
to the screened domain defined by U~ N 1°°

Screened Feasibility Domain

U ={uecR™:e" > Land V*={veR™: e >

Y

54



Screening with a Fixed Number
Budget of Points

® By replacing in Sgd(u7 ) the variables belonging to (IB x )

)% and . we derive the screened dual of Sinkhorn divergence as

Sy, )= min  {¥ (u,v)}

uEZ/[SC7 E SC
where
U, (u,0) = (") K € (e ) K e ylmy 1y Ko e
T —
. — Ky ur  — T =
with

55



L-BFGS-B: Box Constraints on (w, %)

For calculating objective function of S;Cd(u, )uses only the restricted parts

I I (I : ) I (] 7JB )
Ee ) //
SC _.SC
, V)
I min — min ) 0]
1€1¢ k,]E
min; -
\ iel mali;é : < Y
MIN ;e ;
\ max;c;  fb; <e

56



Screenkhorn
SCREENKHORN( C', n, w, 1/, ng, myp)

n: %e_(/”;

). - +sort(p@r( K)), <« sort(r @c( K)); (decreasing order)

3.€ & (&nyCmy » K< me/ Eng

4.1  «—{i=1,...,n:pu; > 2_1702(1)}7
5.J..«{i=1,....m:v; > 2rci( K)};
6. I mm:Im’in, E i
/. geirer}ir,l i (e L& mn gy, 74 max i
8. u < log( Vv (m_mbHH\/n z mpemd PR 10 | Vm__min)s
el e vy B VTR
10. 0 « stack(al,,, 71y, ), € « stack(uly,,, v1m, );
|1 w©® —log( "H1,,, 0@ «—log( )1,
12. 0 %Stack(u(o), (0));
13. ¢ «+ L-BFGS-B( 6©, 6, 6);
4 0y (01, 00T
15. 04 < (Opyity -y Onprmy) s
16.uf  (0u)iifi €1, and w « log( V) ifiell ;
C

7. v5° < (0y);if j€J. . and S log( ) ifje

18. Return B(u™, v°°);

Y

)
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Theoretical Analysis and Guarantees
a

Screened optimal transport plan  /78¢ — diag(eusc) K diag(e

- SC SC
Screened marginals > = 1,, and ¢ = ( SC)Tln
sci2 1C| 0 mp m — my nm
10— 153 —O(nbcﬁ+(n—nb)( 0 - e i{i + o E o + log (mbCZ/Q)))
sci2 _ 1Cloo n n—np vnm
H B ||%_O(mbci+(m_mb)( n +1/nm6u I 31{1?1+\/m1 rnin_|_10g (W>))
c;=z—logz—1forz > 0,c,, = p A v with p,:.g}in L, _:énin i
7 p= J
U, (%, 0%) = U(u*,v*) = O(R(|lpp — p*|l1 + [|v — v*||1 + wi))
Cloo V m)? _ _
R= 1 4 1og (V) and o, = |1 — il + 1 = Rl + 1= ]+ 1= 57

T nmecy,



Theoretical Analysis and Guarantees
(Simulation on Toy Data)

n = m =1000

n = m =1000

Lo o o
— N

Decimation factor m;/m

n = m =1000 n = m =1000

Ut

Running Time Gain
Relative Divergence Variation

o o o
— [q\}

Decimation factor n/n;

TSINKHORN

TSCREENKHORN
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Real Dataset for OTDA:
MNIST (source) to USPS (target)

T .3 A%
NTABLH P =M™
NN DO N A % T3
AN —CNOXRV)N
N O3 9 WD 0 o
VA PO ol

NNOMMg—a NS
>orNocVm\y AN
MdIMNMNNTYM —

60
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Real Dataset for OTDA:
MNIST (source) to USPS (target)

Screened OTDA on mnist

 — //'7 -

-@- Sinkhorn - : : : . : : : :
dec=1.5 : . @) Sinkhor
' : : : : : dec=1.5
dec=2
dec=5
dec=10 -~
: : : : : @ dec=20
dec=100 5 : : 5 5 : dec=50
No Adapt [ dec=100

>
@)
©
|-
>
o
]
<

1000 1500 2000 2500 3000 3500 4000 500 1000 1500 2000 2500 3000 3500 4000
Number of samples Number of samples
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2. Unblanced OT: Partial
Wasserstein Distance

Partial Optimal Transport
with Applications on Positive-Unlabeled Learning

1

|

| T3 Laetitia Chapel Mokhtar Z. Alaya
oy | Univ. Bretagne-Sud, CNRS, IRISA LITIS EA4108

| F-56000 Vannes University of Rouen Normandy
“ ‘ laetitia.chapel@irisa.fr mokhtarzahdi.alaya@gmail.com

Gilles Gasso
LITIS EA4108
-INSA, University of Rouen Normandy
gilles.gasso@insa-rouen.fr

34th Conference on Neural Information Processing Systems (NeurIPS 2020), Vancouver, Canada.
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Partial OT:
Partial VWasserstein Distance

® Partial OT problem focuses on transporting only a fraction

0 < s < min(||p||1, [[all1)

o —

.’L‘r,;o. I

.' ® y;

® [he set of admissible coupling becomes

A

-
—

-

u(pv ):{ ERixmv 1, < p, Tln



Partial OT:
Partial VWasserstein Distance

® [he partial-Wasserstein distance reads as:

PWp(p,q) = min {({C ZZ CijTit

(p,1) im1 i—1

® Solution: we propose to directly solve the exact partial Wasserstein by
| | ledum dum
adding dummy or virtual points **n+1 and Ym+1.

o /. ‘;..‘.““
®- :

o @ :
0/\. -

dum dum
L1 m--1




Partial OT:
Partial VWasserstein Distance

® \\e extend the cost matrix as follows:

Z _ ( g]-m forsome A >0 and £ > 0,
&1, 28+ 4
and the mass probabllity vectors as:
Pp=[pllalli — 4] = |5 1Pl — &
® Hence,
sz(swz + (llall = )0, i



Exact Partial VWasserstein Distance

® Letus define /' the solution of the extended problem with (C,p,q)
Namely:

cWH(p,q) := min (C,7).
e (P,q)
4 A > max( Cy;)

Assume th and ‘S IS bounded, one has:

Wy (P, a) — PWy(p,a) = &(llplli + [lalli — 2 ¢).

The partial optimum transport plan of the partial VWasserstein problem
s the optimum transport plan /' deprived from its last row and column.
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Overview of PU Learning

® PU learning is a variant of classical binary classification problem.

® T[raining data consists of only positive points Pos and testing data Is

composed of unlabeled positives and negatives Unl

e . . @ +
< L ++

2 ':@ . .9,

- +
o:::O ‘: ‘:} +++
:C}::{:. . 4

unt= {2V} = {2V YU {a® 1 pos={xl}IE

® [he true proportion of positives within Unl, called class prior; Is
assumed to be known and given by:

m=P(y =+1lo =0)

~_w unobserved positive sample

Y4




Take Home Message

® A powerful tool, well theoretically srounded, for manipulating distributions
in machine learning.

® Despite its Initial computational complexity, a lot of applications, even In
large scale/deep learning settings.

® Others OT aspects (out the scope of the presentation): Gromov-

Wasserstein distance (working with structured data), Sliced Wasserstein,
Multimarginal Optimal Transport (MOT) and many more !
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Some References

® (. Peyre and M. Cutur,
Computational Optimal Transport with Applications to Data Sciences, 2019

® N.country, R Flamary, D. Tuia and A. Rakotomamonyy.
Optimal Transport for Domain Adaptation, PAMI 201/

® R Flamary et al. POT: Python Optimal Transport Library, 201 /.

POT: Python Optimal Transport

Contents

e POT: Python Optimal Transport
e Quick start guide
e APl and modules
e Examples gallery

e Releases

0.7.0 | Anaconda Cloud 0.7.0 | ©) build |passing]  codecov [92% il downloads 177k

license MIT

This open source Python library provide several solvers for optimization problems related to

Optimal Transport for signal, image processing and machine learning.

Website and documentation: https:/PythonOT.github.io/

Source Code (MIT): https:/github.com/PythonOT/POT
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Color Transfer: Sensibility to
Pollution Problem in Gabes



Color Transfer: Oasis Chenini




Color Transfer: GCT




Color Transfer: CGT -> QOasis
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Thank for your attention!



