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... in Image Processing

® How to measure the similarity between two images?
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... in Neuroscience

® How to compare two brain activation maps!

Source: Hu et al, 2008, Proceedings of the National Academy of Sciences



... in Classification: CheXpert data

Pneumonia Pneumothorax

A

Pleural Effusion Lung Lesion Consolidation Atelectasis

—

l

Source: https://stanfordmlgroup.github.io/competitions/chexpert/
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Pleural Other Fracture Support Devices Enlarged
Cardiomediastinum




... in Anomaly detection: BraT$S data

Source: https://www.med.upenn.edu/cbica/brats2020/registration.html



... in Genomics

® Understanding dynamics at individual cell level.




2. Machine Learning:
Predictive Modeling



Training Set
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Learning Task

® [ he learning task consists of assuming that the labels have been calculated
using a function.

® ind a hypothesis that better approximates the target function.
Build a predictor model, classifier;, or regression function.



Learning Task: loss function

e A cost function, also known as a loss function, is a function
/)Y x)VY—->R
- +

used to quantify prediction quality

((y, h(Z))
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Real Risk

* Risk is defined as the expectation of a cost
function (or expectation of prediction error), i.e.,

* Risk minimization is impossible in practice because
the joint law | of observations is unknown.

e |dea: replace the theoretical probability measure
with the empirical probability measure



Empirical Risk Minimisation

« Empirical risk assesses the cumulative effect of
errors

* Predictor by empirical risk minimization:
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3. Optimal Transport



Origin: Monge Problem (1781)

MEMOIRE

JUR L A

THEORIE DES DEBLAIS

ET DES REMBLAIUS

T ———
Pr M. M o N G E

LORSQU'ON doit tranfporter des terres d'un lieu dans un
autre, on a coutume de donner le nom de Déblai au
volume des terres que I'on doit wranfporter, & le nom de
Remblai i Velpace qu'elles doivent occuper apres le tr.mfpor}.

Le prix du tranfport d'une molécule étant, toutes choles
d'ailleurs égales, progortionnel 2 fon poids & i l'efpace®uon
Jui fait parcourir, & par conféquent fe prix du tranfport total
devant étre proportionnel a la fomme des produits des molé-
cules multipliées chacune par I'elpace parcouru , il senlust
que le déblii & le remblai ¢tant donnés de figure & de
polition, il n'elt pas indifférent que telle molécule du déblai
foit tranfportée dans tel ou tel auwre endroit du remblai,
mais qu'il y a une certaine diftribution i faire des molécules
du premier dans le fecond, d'apres laquelle la fommc de ces
produits fera la moindre poflible, & le prix du traniport total
fera un minimum.
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Monge Problem (1781)

“ Déblai

Remblai

® How to move dirt from one place (déblai) to another (remblai) while
minimizing the effort!

® Find a mapping = between the two distributions of mass ( ).

® Optimize with respect to a displacement cost ( ).

|7



Monge Problem (1781)

® The mapping £ must push-forward the “déblai” measure towards the “remblai”.

18



Monge Problem (1781)

® Monge formulation aim at finding a mapping © such that:
inf C(x,  (x))p(x)dx
1=

® Mapping ' does not exist in the general case.

® Brenier, 1991 proved existence and unicity of the Monge map for Euclidean
cost and distributions with densities.
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Discrete OT Framework

Cost Matrix

20



Discrete OT Framework:
Monge’s Formula

21



Discrete OT Framework:
Monge’s Formula

Nnon-convex

combinatorial

non-existant

Uniform weights

Hélin Z ( (2132', (z)))

i=
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Discrete OT Framework:
Kantorovich’s Formula

® ocus on where the mass goes, allow splitting.
® Applications mainly for resource allocation problems.

Relaxed: Fractional Assisgnments

Leonid Kantorovich Probabilistic couplings set (Transport Polytope)

(1912-1986)
nxXm T .
(M? ):{ ER+ , Ul = W, 1, =

N o/
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Discrete OT Framework:
Kantorovich’s Formula

® Computing OT between prand ;> amounts to solving a linear problem:

Kantorovich 1942

S(p, ) =

min
cll(p,v)

e >=§:§: Cij i}

i=1 j=1

Monge-Kantorovich /

Wasserstein Distance
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C °
o|r<\t|nuous OT Framework:
antorovich’s Formula |

min
(”’7 Rd XRd

robabilistic couplings set

p,v)=1{v>0, T
Rd |

Joint distribution «

= Source ps(z)

= Target 11:(y)

222 22
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(T

T,y)(xr,y)dedy

ransport Polytope)

dy = u, T,y )dxr =

Rd

N
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Continuous OT Framework:
Wasserstein Distance

Wasserstein Distance

1/p 1/
— ’ p — p
Wy (1, ) i /R R ) (w,y)dwdy) (E(m,y)w D (w,y)]) ﬂ‘

-a;., @ "/ 9 '*\.
4 - ! 4 “7’: ,“:_ :_\‘.,6}. 2.4 _-1;_-,~3‘.~_»;-:.~;.~(rv.1 .;::x:«v":\,_-,? :;-;-‘.v.‘i wg-
CEDRIC VILLANI ) L""'ra"sper't

0 t ";ﬂo
With Applications
to Data Science

Gabriel Peyré and Marco Cuturi

DDDDDDDDDD

Calculus of Variations, PDEs, and
Modeling



Continuous OT Framework:
Wasserstein Distance,

1D Wasserstein-1 as [ |F, — F,|dx Surface between distributions via CDFs

F,
\F,— F,| (area = W)

“.)'l O

2
W2 L,
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Benefit of Wasserstein Distance (1)

dx=0.0 | L1:FLAT! | L2:+0.00 | W1:+0.00 [J WASSERSTEIN DETECTS TRANSLATION!

e Fixed Gaussian mmmm | ] (SATURATES!)
Moving Gaussian mmmm |2 (Explodes)
mmmm \Wasserstein (LINEAR)

Distance
N
L

15 20 25
Translation Distance

dx=0.0 | L1:+0.00 | L2:+0.00 | W1:+0.00 [J ONLY WASSERSTEIN DETECTS MOTION!

= | ] (SATURATES!)
|2 (QUADRATIC)
mmmm \Wasserstein (LINEAR)

Distance
N
L
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Benefit of Wasserstein Distance (2)

Distributions (Source vs Moving Target)

Source
Target

— W1 — L1 (TV)
W272 = |2 .
s vs Displacement

displacement = 0.00
W1l = 0.0000
W272 = 0.0000

L1 = 0.0000

L2 = 0.0000

T T

4 6
displacement




Benefit of Wasserstein

Distribution Evolution | Frame 1/80 | uC = 0.00

Overlap: 100.0% P(x): = N(p=0, 0=0.5)

Q(x): = N(u=0.00, 0=0.5)
ﬁ'II'I\ B
0 2
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Head-to-Head Comparison: Why Wasserstein Wins
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Computational Issues for
Kantorovich’s Formulz

¢

(14, 77) is the Birkhoff polytope

*

® No unigue solution In some cases, numerical instabilities.
® | inear programming problem that requires generally
arithmetic operations.
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Regularized Discrete OT Framework:
Sinkhorn Divergence

® Entropic regularization of OT distances relies on the addition of a penalty terr
as follows: Regsularisation parameter

577(“'7 ): Em](g ){< ( )

Negative entropy

Conference NeurlPS, 2013

Sinkhorn Distances:
Lightspeed Computation of Optimal Transport

Marco Cuturi
Graduate School of Informatics, Kyoto University
mcuturi@i.kyoto-u.ac.jp

Marco Cuturi



Regularized Discrete OT Framework:
Dual Of 877(“’7 )

Sy, ) {U(u,v) := 1, B(u, )1y — (u, p) — (v,v)}

— min
77 ? UERTL, ERm n

Walsias — ( /"
B(u,v) := diag(e") K diag(e") ¢

® The primal optimal solution ' takes the form:
° * °
1 * = diag(e" ) K diag(e

wih (W™, v™) = argmin {¥(u,v)}
ucR™ velR™

B s Kernel

*

)

Dual Optimal Variables
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Regularized Discrete OT Framework:
Sinkhorn Algorithm

® /"*can be solved efficiently by Sinkhorn iterations (near- @(n?) complexity
[Altschuler et al., 201 7]).

SN (O AN G VIS VA I Mo trix-Scaling Problem

a9 1, /n, b0 « 1, /m:

2 K e ¢ /.
3.For K=1,2.3,...

a®) e po K.

b Lo I Ta(k_l); (Flamary et al. 2017)

ot sinkhorn

i Return dlag(a(k)) I dlag( (k)) P_star = sinkhorn(mu, nu, C, eta)
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Sparsity of Transport

Sparsity vs Regularization Cost vs Regularization

Sparsity (% non-zero)
Transport Cost

103 1072 103 1072
Regularization € Regularization €

Transport Plan (e=1e-04) Transport Plan (e=1e-03) Transport Plan (e=1e-02)
Sparsity=4% Sparsity=17% Sparsity=50%




4. How can it be used in data
science!



History of OT for machine learning

Occurences of OT+ML in Google Scholar

WGAN : Arjovski et al.
Sinkhorn : Cuturi

EMD : Rubner et al.

1990 1995 2000 2005 2010 2015

[R. Flamary, 2019 (HDR)]

® Recently introduced to ML (well know in image processing since 2000).
® Computational OT allows numerous applications (regularization).
® Deep learning boost (numerical optimisation and GAN).
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Matching words embeddings

Document | b eaks Document 2
Obama Obama 7 The
speaks X I President

. reets
tthoe President press greets & A
media Chicago ‘/ press
N f , IN
lllinois lllinois tia ] Chicago

Word Mover’s Distance avec VWord2vec embeddings
[Kusner et al, 2015 (ICML)]

® \\ords are embedded In a high-dimensional space with deep neural
networks.
® Matching two documents in an OT problem, with the Euclidean distance in

the embedded space.
38



Wasserstein loss for generative modelling

WGAN (Wasserstein GAN)

WGAN Training Progress: Epoch 0

Generative modelling as a matching distribution problem
® | earn a model that maps random vector to target space.

® Distribution of the model Is targeted to be similar to the learning samples.
® Similarity as Wasserstein sense [Arjovsky et al. 201/, Deshpande et al. 2018,
Nguyen et al. 2020].

@finwg 1f (Zi)}filv {mj}g[';

{Zi} some random vectors, {mj} some samples from the target distribution.
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Unsupervised Domain Adaptation

ﬂ eature extraction ﬂ
source domain ‘ ‘ target domain

Py

Probability Distribution Functions over the domains

® [raditional machine learning hypothesis:

® \/Ve have access to training data. Probabllity distribution of the training
set and the testing are the same.

® \/Ve want to learn a classifier that generalizes to new data.

(Credit image: N. Courty)
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Unsupervised Domain Adaptation

® Domain adaptation: classification problem with data coming from different
sources (domains).

® [ abels only avallable in the source domain, and classification is conducted
In the target domain.

® (lassifier trained on the source domain data performs badly in the target
domain.
(Credit image: N. Courty) 41



OTDA: Optimal Transport Domain
Adaptation

® [here exist a transport | In the feature space between the two domains.

® [he transport preserves the conditional distributions:

Psly|zs] = Pily| T (xs)]

3-step strategy

| Estimate optimal transport between distributions.

2. Transport the training samples onto the target distribution using barycentric
mapping (Ferradans et al., 201 3)

3. Learn a classifier on the transported training samples.

(Source image: Courty et al,, 2017) 4)



5. (Smoothed, Sliced) OT



Wasserstein Distance: curse of
dimensionality

1/p
o) = (it eyl (@y)dedy
S (1,) JRA xR

® [he VWasserstein distance Is often estimated from samples.

1 n
=l

® [he error of these empirical estimates suffers from an exponential

dependence on dimension d that presents an obstacle to sample-efficient

C EWy(f, p)] Sn

[Altschuler et al., 201/, Weed & Bach, 2019, Lel, 2020]
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Smoothed-Wasserstein Distance

® To alleviate the curse of dimensionality of empirical Wp, CEVELETY
smoothing was recently introduced.

|Goldfeld et al,, 2020; Goldfeld & Greenewald, 2020]

® The o-smooth P-Wasserstein distance between probability measures is
defined as

GoWyp(pt, ) = Wy (p * Noy 7 Ny )

® [ast rate of convergence [Nietertet al.,, 202 1]

E:Gng(ﬂn, M) S n~ 1/
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Smoothed-Wasserstein Distance

® \When d = 1 the Wasserstein distance can be calculated in closed-form
owing to the cumulative distributions of M and

® |n practice for empirical distributions, the closed-form solution requires only
the sorting of the samples, which makes It very efficient.

® [o derive a metric for high-dimensional distributions based on D
VWasserstein distance.

® [he main idea Is to project high-dimensional probability distributions onto a
random one-dimensional space and then to compute the Wasserstein
distance.
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Sliced-WVasserstein Distance
® [he sliced Wasserstein distance (SVV) reads as

Wy (1, 7) =

1/p

WI(Rupt, Ruv)ug(u)du

gd—1

Where Ru the Radon transform of a probability distribution, 1.e.,
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Exact Wasserstein vs Sliced-Wasserstein: empirical time and theoretical complexity

-&-— Empirical: Exact Wasserstein
Empirical: Sliced-Wasserstein (L=200)

== = Theory (scaled): O(n"2)

== = Theory (scaled): O(L-n-log n), L=200

400 500
Sample size (n)

)ds

Complexity of SW
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Smoothed-Sliced-VWVasserstein

Divergence
Gaussian-smoothed sliced divergence

The o-Gaussian-smooth P-Sliced Divergence between probability measures
s defined as

1/p|
GoSD,(p,v) = (/Sd1 DP(Rup * Ny, Ru *Na)ud(u)du> .

® [ypical relevant divergences : Sinkhorn divergence or maximum mean
discrepancy (MMD)

MMD?(p, ) = || () — Pi()|7,,

= Erropk(T,T)] = 2B7 g [K(T, R)] + Eg o [K(R, R)]
|Gretton et al. (2012)]
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Smoothed-Sliced-VWVasserstein
Divergence: topology properties

Theorem 3.1. For any o > 0,p > 1, the following properties hold:

. if D(+,-) is non-negative (or symmetric), then G,SD,(-,) is non-negative (or symmetric);

. if D(-,-) satisfies the identity of indiscernibles, i.e. for p',v" € P(R), D(u/,v") = 0 if and only if
p' = V', then this identity also holds for GoSD,(-,-) for any p,v € Pp(RY);

. if D(:,-) satisfies the triangle inequality then G,SD,(-,-) satisfies the triangle inequality.

Theorem 3.2. Let o > 0,p > 1, u € Pp(R?), and {ur € Pp(R?)}ren a sequence of distributions. Assume
that the divergence D is bounded and metrizes the weak topology on P(R). Then, limg_,oc GoSD,,(pg, 1) =0
if and only if ur = p.

Proposition 3.3. Let 0 > 0,p > 1 and assume that the base divergence D 1is lower semi-continuous w.r.t. the
weak topology in P(R). Then, G,SD,, is lower semi-continuous with respect to the weak topology in P, (R%).

50



Smoothed-Sliced-Wasserstein
Divergence: statistical properties (1)

® [he smoothed Gaussian sliced d|vergence between the empirical

probability measures Py and V'n

1/p
CoSDy(fin, ) = ( / DP(Runn*Na,RuAn*Naud(u)du) |
gd—1

Remark 3.4. Remark that for a fixed u € S¢71, the distributions Ryfin * Ny and Ry, * Ny, are continuous,

in particular they are a mixture of Gaussian distributions centered on the projected samples with variance o>.

Lemma 3.5. Conditionally on the samples {X;}i=1.. .n and {Y;}i=1..n, one has: Ryfn, * N, =
LY INWTX;,0%) and Rudy x Ny = 250 N@'Y;,02).
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Smoothed-Sliced-Wasserstein
Divergence: statistical properties (ll)

Let TF,...,T* and T{,...,TY be ii.d. observations of Ry, * N, and R,7, *N,, respectively. Sampling i.i.d.

rTTn

» is given by the following scheme: for i = 1,...,n, we first choose the component A'(u'X;, o?)

TEERE

from the mixture + 3" | A'(u' X;,0?) then we generate T = u' X; + Z7, where Z¥ ~ N,. Hence, we set,
for a given u

1 n 1 n 1 n 1 n

1=1

Double empirical divergence

The double empirical smoothed Gaussian sliced divergence reads as

1/7

A

GoSDy(ft,,, /) = DP (1, ) ug(u)du

gd—1
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Smoothed-Sliced-Wasserstein
Divergence: statistical properties (lll)

Proposition 3.8. Fiz o > 0,p > 1 and ¥ > V2. For X ~ p, assume that [;° ecrzfﬁTP[HXH > €] dé < 0.
Then,

1 (log n)t/P

E onnen [GoSWp(fin, p)] < Ep"”ﬁm T Xpon nl/p

= 23-dp 11 141 1 4o 292 o 26 1/2p
where Zp 59 = =5, 0 ap ¢} P(I‘(p+ 5)( 975 +4f0 e-292 P[|| X|| > ﬁ]dﬁ)) and Ypop =

2(F(p + %) EZOZO ((;;%(é%Mz" (,u))l/p with Cy, is a positive constant depending only on p.

Double empirical divergence

The double empirical smoothed Gaussian sliced divergence reads as

1/7

A

GoSDp (fis ) = D? (i, P )utg(u)du

gd—1

X



Domain adaptation with G,SW :

MNIST (source) to USPS (target)

N .3 A
NVWTABLNHF =M™
NN NN A e O3
O M — NORV) N
N O3 9 WD 0 o
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NNOMMg—a NS
>Ny AN
MdIMNMNNTYM —

USPS

MININYE
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Domain adaptation with GoSW :
MNIST (source) to USPS (target)

USPS -=> MNIST

Domain adaptation performances using different divergences on distributions

with respect to the Gaussian smoothing. .



Take Home Message

® A powerful tool, well theoretically srounded, for manipulating distributions
in machine learning.

® Despite its Initial computational complexity, a lot of applications, even In
large scale/deep learning settings.

® Others OT aspects (out the scope of the presentation): Gromov-

Wasserstein distance (working with structured data), Sliced Wasserstein,
Multimarginal Optimal Transport (MOT) and many more !
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Some References

® (. Peyre and M. Cutur,
Computational Optimal Transport with Applications to Data Sciences, 2019

® N.country, R Flamary, D. Tuia and A. Rakotomamonyy.
Optimal Transport for Domain Adaptation, PAMI 201/

® R Flamary et al. POT: Python Optimal Transport Library, 201 /.

POT: Python Optimal Transport

Contents

e POT: Python Optimal Transport
e Quick start guide
e APl and modules
e Examples gallery

e Releases

0.7.0 | Anaconda Cloud 0.7.0 | ©) build |passing]  codecov [92% il downloads 177k

license MIT

This open source Python library provide several solvers for optimization problems related to

Optimal Transport for signal, image processing and machine learning.

Website and documentation: https:/PythonOT.github.io/

Source Code (MIT): https:/github.com/PythonOT/POT
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Thank for your attention!



