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1. Motivations
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… in Cloud of points 

<latexit sha1_base64="WRZESCehUuepJ9qMu1CtoV21sI0="></latexit>x

<latexit sha1_base64="zv6GMuVGdVNrUqibT6q/sjFcVMM="></latexit>y

How to compare two sets of clouds points?
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… in Image Processing
How to measure the similarity between two images?
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… in Neuroscience
How to compare two brain activation maps?

Source: Hu et al., 2008, Proceedings of the National Academy of Sciences



Source: https://stanfordmlgroup.github.io/competitions/chexpert/

… in Classification: CheXpert data
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… in Anomaly detection: BraTS data

Source: https://www.med.upenn.edu/cbica/brats2020/registration.html

7

7
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… in Genomics
Understanding dynamics at individual cell level.

<latexit sha1_base64="vSuyDlvdeUTVhMKlSCKB7931ED8="></latexit>

t <latexit sha1_base64="EjyKdhQd38YNt9MRl7BlYYEdwKQ="></latexit>

t+ 1

<latexit sha1_base64="QexLdNgs5bxCcXgPsZ93QfL/WE0="></latexit>

x, y → Rd



2. Machine Learning: 
Predictive Modeling



<latexit sha1_base64="Pu8AX9WavGzA3Td05uI5lC5xeeI="></latexit>

Dn = {(ωx1, y1), (ωx2, y2), . . . , (ωxn, yn)}

<latexit sha1_base64="JGXM/9HhZKLbxB9h4J3x9M8wdJ8="></latexit>X
<latexit sha1_base64="bHEC/a4+AVBzf2rbP9YCTb/vFfI="></latexit>YFeature Space Label Space

<latexit sha1_base64="5tgHZLxx7ZtVv0naJWYgcWKAL7Y="></latexit>

(ωxi, yi) → X ↑ Y

Sampling Data
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Training Set

<latexit sha1_base64="qnvEQ9qM4tIcTcYr6sUIArvmA7Q="></latexit>

ωxi = (xi1, . . . , xid)
→ → Rd
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Learning Task

<latexit sha1_base64="GAYH+JIUXKQUhrJG6EXMKg1XSDY="></latexit>

hω:X→Y
• Find a hypothesis that better approximates the target function. 

Build a predictor model, classifier, or regression function.

• The learning task consists of assuming that the labels have been calculated 
using a function.

<latexit sha1_base64="j96/77jqXbGqPeQroMLVFL4mr80="></latexit>

ĥ→hω̂:X ↑ Y



Learning Task: loss function 
<latexit sha1_base64="7cOo4V4h7IP+CBWJ+S7hRWJgadw="></latexit>

ω : Y → Y ↑ R+

<latexit sha1_base64="lD9ltURfPWLczw4w8pWwdjNR/38="></latexit>

ω(y, h(εx))
1212

•A cost function, also known as a loss function, is a function

 used to quantify prediction quality
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Real Risk 
•Risk is defined as the expectation of a cost 
function (or expectation of prediction error), i.e.,

•Risk minimization is impossible in practice because 
the joint law of observations is unknown.

<latexit sha1_base64="9GHuZSRm4w1a4/Bw56Lu107KXoM="></latexit>

P
•Idea: replace the theoretical probability measure 
with the empirical probability measure :<latexit sha1_base64="9GHuZSRm4w1a4/Bw56Lu107KXoM="></latexit>

P

<latexit sha1_base64="nWRKbt8CBvgnBVzrp3VU4bKAfcw="></latexit>

Pn

<latexit sha1_base64="HBzjH9wn2KD6fOyOVS3+mX+EZGo="></latexit>

R(h)

<latexit sha1_base64="tjwrxsf5PizPepggSu4NIhZcJ Dk="></latexit>

R(h) = E(ωx,y)→P[ω(h(εx), y]

<latexit sha1_base64="e1Lx3mjZS476f7ELuqLMgufanbo="></latexit>

dPn(x, y) =
1

n

n∑

i=1

ω(ωxi,yi)(εx, y)



Empirical Risk Minimisation

• Empirical risk assesses the cumulative effect of 
errors	

• Predictor by empirical risk minimization:

1414

<latexit sha1_base64="pjw7SCQo+5PesIXSTPLYOygs3zk="></latexit>

Rn(h) =
1

n

n∑

i=1

ω(yi, h(εxi))

<latexit sha1_base64="rsISFMDJ5SUW4IvmKVbMYwp2tec="></latexit>

hω̂ = argmin
h→H

Rn(h)



3. Optimal Transport 



16

16

Origin: Monge Problem (1781)
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Monge Problem (1781)

How to move dirt from one place (déblai) to another (remblai) while 
minimizing the effort? 
Find a mapping  between the two distributions of mass (transport).
Optimize with respect to a displacement cost (optimal). 

T
<latexit sha1_base64="q+rOyVIvCnEkJijSOac+g4yMYfE="></latexit>

µ

<latexit sha1_base64="kfzNiA1YOrKc4fWCX66wxuPeWMs="></latexit>

Déblai 

⌫

<latexit sha1_base64="sjuSIRmaMgaFe/ov8UHYnieZ6WI="></latexit>

Remblai
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Monge Problem (1781)
The mapping must push-forward the “déblai” measure towards the “remblai”.T

<latexit sha1_base64="q+rOyVIvCnEkJijSOac+g4yMYfE="></latexit>

µ

<latexit sha1_base64="kfzNiA1YOrKc4fWCX66wxuPeWMs="></latexit>

Déblai 

⌫

<latexit sha1_base64="sjuSIRmaMgaFe/ov8UHYnieZ6WI="></latexit>

Remblai

<latexit sha1_base64="kLHikESR9hC2aBnnArIgigg/i60="></latexit>

→

x

<latexit sha1_base64="cu5KPYm87+oraqNIpJR8j6ksyAs="></latexit>

T
<latexit sha1_base64="q+rOyVIvCnEkJijSOac+g4yMYfE="></latexit>

(  )x

<latexit sha1_base64="cu5KPYm87+oraqNIpJR8j6ksyAs="></latexit>

<latexit sha1_base64="RHxw4PqwvDtP+0WSNA6ixuC9L14="></latexit>

C(x,T (x))

T
<latexit sha1_base64="q+rOyVIvCnEkJijSOac+g4yMYfE="></latexit>

µ

<latexit sha1_base64="kfzNiA1YOrKc4fWCX66wxuPeWMs="> </latexit>

= ⌫

<latexit sha1_base64="sjuSIRmaMgaFe/ov8UHYnieZ6WI="></latexit>

#
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Mapping  does not exist in the general case.  

Brenier, 1991 proved existence and unicity of the Monge map for Euclidean 
cost and distributions with densities. 

T
<latexit sha1_base64="q+rOyVIvCnEkJijSOac+g4yMYfE="></latexit>

Monge Problem (1781)

<latexit sha1_base64="jA11fDM5lBtliHrvEg4msp5rTm0="></latexit>

inf
T#µ=⌫

Z
CC(x,T (x))µ(x)dx

Monge formulation aim at finding a mapping  such that:T
<latexit sha1_base64="q+rOyVIvCnEkJijSOac+g4yMYfE="></latexit>



µ =
nX

i=1

µi�xi

<latexit sha1_base64="C9OmL7l0yrmv5VOiQEZpSmuOcbA="></latexit>

CC
<latexit sha1_base64="oJtByW5E7Mlbb8G9LfcIly1ZLww="></latexit>
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Cost Matrix

n
<latexit sha1_base64="lZahwA36dV/IzvMMPU0K97zu8SU="></latexit>

m
<latexit sha1_base64="gnIB3NTvXs+mdE5276WQ4Q/KZ+4="></latexit>

⌫ =
mX

j=1

⌫j�yj

<latexit sha1_base64="NV10eSzLJMajimTu8KuP5ITE32w="></latexit>

yj
<latexit sha1_base64="j9y4JbA68Uv7U9LAGEwCDM47Urk="></latexit>

xi
<latexit sha1_base64="dkp7BAufSGSmoWYzeW5CdSc6iHI="></latexit>

Discrete OT Framework 

8j 2 {1, . . . ,m}, ⌫j =
X

i:T (xi)=yj

µi

<latexit sha1_base64="auO2IHuZw04TigepxuqlA1RsaTw="></latexit>

<latexit sha1_base64="lzZxZ/S6N/dUc0GG+g+uWivRf/U="></latexit>

min
T#µ=⌫

X

i

CC(xi,T (xi))µi

<latexit sha1_base64="H4krSUhn2/4H8C6AKF5tuUGLa8U="></latexit>

CCij = (c(xi,yj))

<latexit sha1_base64="H4krSUhn2/4H8C6AKF5tuUGLa8U="></latexit>

CCij = (c(xi,yj ))
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Discrete OT Framework: 
Monge’s Formula

T
<latexit sha1_base64="q+rOyVIvCnEkJijSOac+g4yMYfE="></latexit>

8j 2 {1, . . . ,m}, ⌫j =
X

i:T (xi)=yj

µi

<latexit sha1_base64="auO2IHuZw04TigepxuqlA1RsaTw="></latexit>

Strict: Deterministic Assignments

<latexit sha1_base64="IrTxFa70qlDbA/L2ssjjV0wntDE="></latexit>

min
T#µ=ω

∑

i

CC(xi,T (xi))µi
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Discrete OT Framework: 
Monge’s Formula

combinatorial

non-existant

Uniform weights

non-convex

<latexit sha1_base64="YDWpjvFeNkNPyjNNJy0LpmWKaYU="></latexit>

min
ω→Sn

n∑

i=1

CC(xi, yω(i)))



Discrete OT Framework: 
Kantorovich’s Formula

Leonid Kantorovich 
(1912-1986)

⇧(µ,⌫) = {P 2 Rn⇥m
+ ,P1m = µ,P>1n = ⌫}

<latexit sha1_base64="8e+zfpIkB9PWmM9hxYijfQow8dI="> </latexit>

Mass conservation constraints

Probabilistic couplings set (Transport Polytope)

xi
<latexit sha1_base64="dkp7BAufSGSmoWYzeW5CdSc6iHI="></latexit>

µi
<latexit sha1_base64="hSTLcm8UdThus4kvsDKRC96h4sA="></latexit>

P ij
<latexit sha1_base64="ofdNRXsa73siM21Td+clTFqN/58="></latexit>

µi =
mX

i=1

P ij

<latexit sha1_base64="TeMbRCaXXGGIO/hRzwUQKe14sRM="></latexit>

Relaxed: Fractional Assignments

23

Focus on where the mass goes, allow splitting.
 Applications mainly for resource allocation problems. 
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Discrete OT Framework: 
Kantorovich’s Formula

Computing OT between    and     amounts to solving a linear problem:µ
<latexit sha1_base64="Gb+raxrw6H1KdgzSUjIp+0XTF+8="></latexit>

⌫
<latexit sha1_base64="jFO7fXuS0UoRbPtjTEaxbmnmSKM="></latexit>

S(µ,⌫) = min
P2⇧(µ,⌫)

�
h CC,P i =

nX

i=1

mX

j=1

CCijP ij
 

<latexit sha1_base64="Q1V/s5qdIpwryfIwNxoooKk1H6c="> +Ft4NL7bI7h0wQ3zO/Oqsdubnqhv4eVdtiqvz+51hu6P6n7h9ag/fNAfvXzY+eJJ/YP7x63ftH7X+rQ1bP259UVrq7XfetWKVrZXLlber8jVv67+bfUfq/+s0I9W6jq/alnP6r//A/DAJt8=</latexit>

Kantorovich 1942

Monge-Kantorovich / 
Wasserstein DistanceDistance



Probabilistic couplings set (Transport Polytope)
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Continuous OT Framework: 
Kantorovich’s Formula

<latexit sha1_base64="C3dwtIyF1qgyw93BmI93SU2yyBE="></latexit>

min
ω→!con(µ,ε)

∫

Rd↑Rd
CC(x,y)ω(x,y)dxdy

<latexit sha1_base64="9d1FdvR/n+lLPq6P7B2R3Arzyf8="></latexit>

!con(µ,ω) =
{
ε → 0,

∫

Rd
ε(x,y)dy = µ,

∫

Rd
ε(x,y)dx = ω

}
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Continuous OT Framework: 
Wasserstein Distance

Wasserstein Distance
<latexit sha1_base64="mOVESVOmkhb9+fggFydV9aIVfhE="></latexit>

Wp(µ,ω) =

(
inf

ω→!con(µ,ε)

∫

Rd↑Rd
Dp(x,y)ε(x,y)dxdy

)1/p

=
(
E(x,y)↓ω [D

p(x,y)]
)1/p
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Continuous OT Framework: 
Wasserstein Distance, 

Bures Distance

<latexit sha1_base64="wOwCPYp4QVYasIlqTLkk8QFESRU="></latexit>

W1(µ,ω)

<latexit sha1_base64="Uzs+WTyWKkrwNwAmRJW6MpTEYdQ="></latexit>

N (m1,!1)<latexit sha1_base64="TpBAyzgGGjtbJiNSgMcj5zPGq3k="></latexit>

N (m0,!0)

<latexit sha1_base64="bVqOixCN13LsZtlwqj085c51sUw="></latexit>

= →m0 ↑m1→2 +Tr
(
!0 + !1 ↑ 2

(
!1/2

1 !0!
1/2
1

)1/2)
.

<latexit sha1_base64="t9TUbPtzje6efP5EIcrAmKuahSI="></latexit>

W2
2(µ,ω)



28

Benefit of Wasserstein Distance (1)
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Benefit of Wasserstein Distance (2)
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Benefit of Wasserstein Distance (3)
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Computational Issues for 
Kantorovich’s Formula

 is the Birkhoff polytope⇧(µ,⌫)

<latexit sha1_base64="3TGz9L4uzu0U7mY/du6TxP7s7PU="></latexit>

P ?

<latexit sha1_base64="oWC5yxSNG+YKzM6papjQ/4nxDJ4="></latexit>

No unique solution in some cases, numerical instabilities.
Linear programming problem that requires generally          
arithmetic operations.

<latexit sha1_base64="tdDFtj0/dSw1kOXxZ3QG2PwXvO4="></latexit>

O(n3 log(n)2)

<latexit sha1_base64="2VVD0h/aj6y/qWbm0wKCaiA0o6M="></latexit>

CC



Regularized Discrete OT Framework: 
Sinkhorn Divergence

Entropic regularization of OT distances relies on the addition of a penalty term 
as follows:

Sinkhorn divergence 

S⌘(µ,⌫) = min
P2⇧(µ,⌫)

{h CC,P i � ⌘H(P )}
<latexit sha1_base64="9hKeZUkth1HpIiCYBduEcwzGBeA="></latexit>

Negative entropy
H(P ) = �

X

i,j

P ij log(P ij)

<latexit sha1_base64="qHk4iwYGXf0irSPNcxuz3A0PCNI="></latexit>

Regularisation parameter 

Marco Cuturi 2013 2014 2015 2016 2017 2018 2019 2020 2021 2022 2023 2024
Year
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Citation trend of Cuturi (2013) “Sinkhorn distances”

Peak: 2024 (980)

Citations / year

32

Conference NeurIPS, 2013
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Regularized Discrete OT Framework: 
Dual of S⌘(µ,⌫)

<latexit sha1_base64="AY9cWGr5jcSDcaWtr4s2yEaIyns="></latexit>

Dual of Sinkhorn divergence
Sd
⌘ (µ,⌫) = min

u2Rn,v2Rm

�
 (u,v) := 1>nB(u,v)1m � hu,µi � hv,⌫i

 
<latexit sha1_base64="CpZRbf+jKHlH+uu1zlK7RLhlP8A="></latexit>

where
B(u,v) := diag(eu) KKdiag(ev)

<latexit sha1_base64="C9actxupqXYhLE+G3Qmozvcb1MU="></latexit>

KK = e� CC/⌘
<latexit sha1_base64="L66lO0vNTPLJn0lnFin2uJ6U7nw="></latexit>

Gibbs Kernel
The primal optimal solution       takes the form:P ?

<latexit sha1_base64="KoU21nveNq35PxdOegzZaueaTs0="></latexit>

P ? = diag(eu
?
) KKdiag(ev

?
)

<latexit sha1_base64="f14Y/lxLAwI0QhddcKG0cJjbFV0="></latexit>

(u?,v?) = argmin
u2Rn,v2Rm

{ (u,v)}
<latexit sha1_base64="q+/NXwSG2l/3gk+vj3jw6Df5bbI="></latexit>

with

Optimal Transportation Plan

Dual Optimal Variables
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Regularized Discrete OT Framework: 
Sinkhorn Algorithm 

P ?
<latexit sha1_base64="KoU21nveNq35PxdOegzZaueaTs0="></latexit> O(n2)

<latexit sha1_base64="uw0VBooKbYjC6JX/8YgBW+kWw74="></latexit>

    can be solved efficiently by Sinkhorn iterations (near-          complexity 
[Altschuler et al., 2017]).

POT

Sinkhorn( CC,µ,⌫)
<latexit sha1_base64="4y2cSNClXfsjEJDDkFiN9KUJYs8="></latexit>

a(0)  1n/n, b
(0)  1m/m;

<latexit sha1_base64="AbEZX/heQw4dcunLsUGaiwkn9pY="></latexit>

KK  e� CC/⌘;
<latexit sha1_base64="mqo9cYb74GTAhWZp8qvW1BMsiwU="></latexit>

a(k)  µ↵ KKb(k�1);
<latexit sha1_base64="sqqE32CwzsPl4UhIWAQ0pEMEjI0="></latexit>

b(k)  ⌫ ↵ KK>a(k�1);
<latexit sha1_base64="+nynC/FealoakQM7EJDOIQGzODE="></latexit>

1. 

2. 

3. For  k = 1, 2, 3, . . .
<latexit sha1_base64="p4BTZNzoTYHmO2ekFyFbx+Y9490="></latexit>

4. Return  diag(a(k)) KKdiag(b(k))
<latexit sha1_base64="AYwFbHcELZHfE7A2xBx68AUG0TU="></latexit>

(Flamary et al. 2017)
from ot import sinkhorn 
P_star = sinkhorn(mu, nu, C, eta)

Matrix-Scaling Problem 



Sparsity of Transport Plan



4.  How can it be used in data 
science?
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History of OT for machine learning

Recently introduced to ML (well know in image processing since 2000).
Computational OT allows numerous applications (regularization).
Deep learning boost (numerical optimisation and GAN).

[R. Flamary,  2019 (HDR)]
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Matching words embeddings

Words are embedded in a high-dimensional space with deep neural 
networks.
Matching two documents in an OT problem, with the Euclidean distance in 
the embedded space.

Obama 
speaks 

to 
the 

media 
in

Illinois

Document 1
The

President 
greets 

the
press 

In
Chicago

Document 2

Word Mover’s Distance avec Word2vec embeddings 
[Kusner et al, 2015 (ICML)]

Obama
speaks

mediaIllinois

President

Chicago

press greets
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Wasserstein loss for generative modelling

Learn a model that maps random vector to target space.
Distribution of the model is targeted to be similar to the learning samples.
Similarity as Wasserstein sense [Arjovsky et al. 2017, Deshpande et al. 2018, 
Nguyen et al. 2020].

Generative modelling as a matching distribution problem 

 some random vectors,  some samples from the target distribution. 
<latexit sha1_base64="X/jswVH4Uy2PB/WOK3KWO36qP3E="></latexit>

{zi}
<latexit sha1_base64="Sa4P1Hn24ahE5EaXf4ArgSGnI00="></latexit>

{xj}

<latexit sha1_base64="97sKOcOcec4Veiy22bTzUbKerBM="></latexit>

min
f✓

W p
p

⇣�
f✓(zi)

 K
i=1

,
�
xj
 K
j=1

⌘
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Unsupervised Domain Adaptation

(Credit image: N. Courty)

Traditional machine learning hypothesis:
We have access to training data. Probability distribution of the training  
set and the testing are the same.
We want to learn a classifier that generalizes to new data.

Ps
<latexit sha1_base64="diny3R+CTuxzm63eUN7a+PV6SrQ="></latexit>

Pt
<latexit sha1_base64="TJW+8VOOufu+acDP7zTEp6ePZ2A="></latexit>

target domainsource domain
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Unsupervised Domain Adaptation

Domain adaptation: classification problem with data coming from different 
sources (domains).
Labels only available in the source domain, and classification is conducted  
in the target domain.
 Classifier trained on the source domain data performs badly in the target 
domain.

(Credit image: N. Courty)
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OTDA: Optimal Transport Domain 
Adaptation

(Source image: Courty et al.,  2017)

Assumptions

There exist a transport     in the feature space between the two domains.T
<latexit sha1_base64="jzzOUexFCofm2zT8/8o1TXImqTY="></latexit>

The transport preserves the conditional distributions:
Ps[y|xs] = Pt[y|T (xs)]

<latexit sha1_base64="ApXo5tZ7rviV2AMISj9Xz5Eohy8="></latexit>

3-step strategy

2. Transport the training samples onto the target distribution using barycentric 
mapping (Ferradans et al., 2013)

1. Estimate optimal transport between distributions.

3. Learn a classifier on the transported training samples.



5. (Smoothed, Sliced) OT
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Wasserstein Distance: curse of 
dimensionality

The Wasserstein distance is often estimated from samples. 
 
 
 

The error of these empirical estimates suffers from an exponential 
dependence on dimension  that presents an obstacle to sample-efficient 
bounds.

<latexit sha1_base64="DYzoaGDelqzg6AdZ5/FUA2aHi2w="></latexit>

d

<latexit sha1_base64="XkEEAbvtrzKwC/FLPrzNkkf1d0E="></latexit>

Wp(µ,ω) =

(
inf

ω→!con(µ,ε)

∫

Rd↑Rd
→x↑ y→pε(x,y)dxdy

)1/p

<latexit sha1_base64="fBGdbSaRbkM7iJaqAMvScoN89GA="></latexit>

µ̂n =
1

n

n∑

i=1

ωxi

[Altschuler et al., 2017, Weed & Bach, 2019, Lei, 2020] 

<latexit sha1_base64="M1+BfIuX19jLF/IyX0C/VsKAlb0="></latexit>

E[Wp(µ̂n,µ)] ↭ n→1/d
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Smoothed-Wasserstein Distance
To alleviate the curse of dimensionality of empirical  , Gaussian 
smoothing was recently introduced. 

<latexit sha1_base64="53B3fWZoqlttWs7DmnNW9Et0KPg="></latexit>

Wp

<latexit sha1_base64="jtRbyAHH9ImjdjFVLx0/ZLdUc0A="></latexit>

GωWp(µ,ω) = Wp(µ →Nω,ω →Nω)

<latexit sha1_base64="2uG7PvD+njTFYyKJZ/fjIgbNZrw="></latexit>

E[GωWp(µ̂n,µ)] ↭ n→1/2

[Goldfeld et al., 2020; Goldfeld & Greenewald, 2020] 

The -smooth -Wasserstein distance between probability measures is 
defined as

<latexit sha1_base64="/eXH5MXhiXsokW7/UNP88IeSMuU="></latexit>ω
<latexit sha1_base64="5l5PKl8zUE1hsZLKxC0O6D0G718="></latexit>p

Fast rate of convergence [Nietertet al., 2021] 
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Smoothed-Wasserstein Distance
When , the Wasserstein distance can be calculated in closed-form  
owing to the cumulative distributions of  and . 
 

In practice for empirical distributions, the closed-form solution requires only 
the sorting of the samples, which makes it very efficient. 

To derive a metric for high-dimensional distributions based on 1D 
Wasserstein distance. 

The main idea is to project high-dimensional probability distributions onto a 
random one-dimensional space and then to compute the Wasserstein 
distance.

<latexit sha1_base64="zVAkGnYaD9mkkSKAEof9eusoTIE="></latexit>

d = 1
<latexit sha1_base64="6zHbLP2p8R7VJA98v9skkZApBkk="></latexit>µ <latexit sha1_base64="RXbZPWLDfLI6aFOEfzfMYBUmNns="></latexit>ω
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Sliced-Wasserstein Distance
The sliced Wasserstein distance (SW) reads as 

<latexit sha1_base64="53vL/11JnCzyjvEljwPtL9STm5k="></latexit>

SWp(µ,ω) =

(∫

Sd→1
Wp

p(Ruµ,Ruω)ud(u)du
)1/p

.

Where  the Radon transform of a probability distribution, i.e.,
<latexit sha1_base64="DMuYzOsgKDSc9RR5yB1UtA8M+dE="></latexit>

Ru <latexit sha1_base64="l+kRQrRQ8lIT2MZU+EJGIBBeaCw="></latexit>

Ruµ(·) =
∫

Rd
µ(s)ω(·→ s→u)ds

<latexit sha1_base64="r62oLoHgM8CUjx/7A4fKbXl9US4="></latexit>

O(Ldn+ Ln logn)

Complexity of SW
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Smoothed-Sliced-Wasserstein 
Divergence

The -Gaussian-smooth -Sliced Divergence between probability measures 
is defined as 

<latexit sha1_base64="/eXH5MXhiXsokW7/UNP88IeSMuU="></latexit>ω
<latexit sha1_base64="5l5PKl8zUE1hsZLKxC0O6D0G718="></latexit>p

<latexit sha1_base64="9PM+G0+H0jEBJXhlZmjgDW6Ucn8="></latexit>

GωSDp(µ,ω) =

(∫

Sd→1
Dp(Ruµ →Nω,Ruω →Nω)ud(u)du

)1/p

.

Gaussian-smoothed sliced divergence

Typical relevant divergences : Sinkhorn divergence or maximum mean 
discrepancy (MMD)

<latexit sha1_base64="J6GiFQw9dpuZWW9DUimUkSrHViI="></latexit>

MMD2(µ,ω) = →!k(µ)↑ !k(ω)→2Hk
<latexit sha1_base64="Tj8CbmJnjwX4MoqScRDxlCPTPNo=">AAAY6nic3Zjhc9u2FcDlrls7b+vS7cN81y/YFF27VFYlL0mdD+01sZ24sR07qhI7EXU+kAQl1iTBAKAtBeU/sW+7fd2H/Uv7b/YAUjYB2LndurvejT5L4Hu/94gHPDyA8vMk5qLf/9fKez97/+e/+ODDX67+6te/+ei3tz7+3UtOCxaQFwFNKDvxMSdJnJEXIhYJOckZwamfkGP/bEvpj88J4zHNRmKRk0mKp1kcxQEWIDq99U </latexit>

= ET,T →→µ[k(T, T
↑)]→ 2ET→µ,R→ω [k(T,R)] + ER,R→→ω [k(R,R↑)]

[Gretton et al. (2012)] 
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Smoothed-Sliced-Wasserstein 
Divergence: topology properties
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Smoothed-Sliced-Wasserstein 
Divergence: statistical properties (1)

The smoothed Gaussian sliced divergence between the empirical 
probability measures   and 

<latexit sha1_base64="oR5d+L45D1/5oWiZDjqA0BlnWXU="></latexit>

µ̂n

<latexit sha1_base64="LPekHo19rWPrWoFVnSh/cyaDuM4="></latexit>

ω̂n

<latexit sha1_base64="29FPPtLUQ++XnudXeg8QGU/LTy4="></latexit>

GωSDp(µ̂n, ω̂n) =

(∫

Sd→1
Dp(Ruµ̂n →Nω,Ruω̂n →Nω)ud(u)du

)1/p

.
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Smoothed-Sliced-Wasserstein 
Divergence: statistical properties (II)

Double empirical divergence
The double empirical smoothed Gaussian sliced divergence reads as 
<latexit sha1_base64="BqFF9W55qqZH77JaivVYyC6jzNg="></latexit>

ĜωSDp(µ̂n, ω̂n) =

(∫

Sd→1
Dp( ˆ̂µn, ˆ̂ωn)ud(u)du

)1/p

.



53

Smoothed-Sliced-Wasserstein 
Divergence: statistical properties (III)

Double empirical divergence
The double empirical smoothed Gaussian sliced divergence reads as 
<latexit sha1_base64="BqFF9W55qqZH77JaivVYyC6jzNg="></latexit>

ĜωSDp(µ̂n, ω̂n) =

(∫

Sd→1
Dp( ˆ̂µn, ˆ̂ωn)ud(u)du

)1/p

.
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Domain adaptation with  : 
MNIST(source) to USPS (target)

<latexit sha1_base64="IGv0ULkeCyPqHApMvqXhJ5sXWd4="></latexit>

GωSW

MNIST USPS
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Domain adaptation with  : 
MNIST(source) to USPS (target)

<latexit sha1_base64="IGv0ULkeCyPqHApMvqXhJ5sXWd4="></latexit>

GωSW

Domain adaptation performances using different divergences on distributions 
with respect to the Gaussian smoothing. 
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Take Home Message

A powerful tool, well theoretically grounded, for manipulating distributions 
in machine learning. 

Despite its initial computational complexity, a lot of applications, even in 
large scale/deep learning settings. 

Others OT aspects (out the scope of the presentation): Gromov-
Wasserstein distance (working with structured data),  Sliced Wasserstein, 
Multimarginal Optimal Transport (MOT) and many more !

Integrated in some complex machine learning pipelines,  Screenkhorn  
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Thank You for your attention!


